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Definition
Let A be an algebra over a field k .

I A is a ring with 1 and has a k-vector space structure over.

I The multiplication A× A→ A on A is compatible with the
multiplication in the field. i.e

λ(ab) = (aλ)b = a(λb) = (ab)λ

for λ ∈ k , a, b ∈ A
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Definition
A derivation D on A is a map D : A→ A satisfying the Leibniz’s
rule.

D(ab) = aD(b) + D(a)b

If M is an A-bimodule, a k-linear map D : A→ M satisfying the
Leibniz rule is a derivation.
Remarks

I The space of all k-linear derivations on A is denoted Derk(A),
and for any A-module M, it is denoted Derk(A,M).

I Both Derk(A),Derk(A,M) are k-modules. That is
αD,D1 + D2 ∈ Derk(A,M)
for all D,D1,D2 ∈ Derk(A,M).

I Derk(A,M) is a Lie algebra with a Lie bracket

[D1,D2] = D1 · D2 − D2 · D1

3/ 18



Definition
A derivation D on A is a map D : A→ A satisfying the Leibniz’s
rule.

D(ab) = aD(b) + D(a)b

If M is an A-bimodule, a k-linear map D : A→ M satisfying the
Leibniz rule is a derivation.

Remarks

I The space of all k-linear derivations on A is denoted Derk(A),
and for any A-module M, it is denoted Derk(A,M).

I Both Derk(A),Derk(A,M) are k-modules. That is
αD,D1 + D2 ∈ Derk(A,M)
for all D,D1,D2 ∈ Derk(A,M).

I Derk(A,M) is a Lie algebra with a Lie bracket

[D1,D2] = D1 · D2 − D2 · D1

3/ 18



Definition
A derivation D on A is a map D : A→ A satisfying the Leibniz’s
rule.

D(ab) = aD(b) + D(a)b

If M is an A-bimodule, a k-linear map D : A→ M satisfying the
Leibniz rule is a derivation.
Remarks

I The space of all k-linear derivations on A is denoted Derk(A),
and for any A-module M, it is denoted Derk(A,M).

I Both Derk(A),Derk(A,M) are k-modules. That is
αD,D1 + D2 ∈ Derk(A,M)
for all D,D1,D2 ∈ Derk(A,M).

I Derk(A,M) is a Lie algebra with a Lie bracket

[D1,D2] = D1 · D2 − D2 · D1

3/ 18



Definition
A derivation D on A is a map D : A→ A satisfying the Leibniz’s
rule.

D(ab) = aD(b) + D(a)b

If M is an A-bimodule, a k-linear map D : A→ M satisfying the
Leibniz rule is a derivation.
Remarks

I The space of all k-linear derivations on A is denoted Derk(A),
and for any A-module M, it is denoted Derk(A,M).

I Both Derk(A),Derk(A,M) are k-modules. That is
αD,D1 + D2 ∈ Derk(A,M)
for all D,D1,D2 ∈ Derk(A,M).

I Derk(A,M) is a Lie algebra with a Lie bracket

[D1,D2] = D1 · D2 − D2 · D1

3/ 18



Definition
A derivation D on A is a map D : A→ A satisfying the Leibniz’s
rule.

D(ab) = aD(b) + D(a)b

If M is an A-bimodule, a k-linear map D : A→ M satisfying the
Leibniz rule is a derivation.
Remarks

I The space of all k-linear derivations on A is denoted Derk(A),
and for any A-module M, it is denoted Derk(A,M).

I Both Derk(A),Derk(A,M) are k-modules. That is
αD,D1 + D2 ∈ Derk(A,M)
for all D,D1,D2 ∈ Derk(A,M).

I Derk(A,M) is a Lie algebra with a Lie bracket

[D1,D2] = D1 · D2 − D2 · D1

3/ 18



Examples

I Let C∞([a, b]) be the space of all infinitely differentiable
functions on the interval [a, b], then

D : C∞([a, b])→ C∞([a, b])

defined by D(f ) = d
dx (f ) is a derivation.

I Let C (Rn) be the algebra of all real-valued differentiable
function on Rn, then

D : C (Rn)→ C (Rn)

defined by D(f ) = ∂
∂xi

(f ) is a derivation on C (Rn).

I Let A be a non-commutative algebra, Let a ∈ A be fixed, then

Da(−) : A→ A

defined by Da(x) = [a, x ] = ax − xa is a derivation on A.
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Examples contd. [T.Oke]

Let Q be the quiver: 1 2

b

a

c

and consider the following family of quiver algebras

Λq = kQ/I where I = 〈a2, b2, ab − qba, ac〉, q ∈ k (1)

Then the following 〈Da,a,Db,b,Dc,c ,Da,ab,Db,ab,Dc,bc〉 are
derivations on Λq.
where for instance

Da,a

 a
b
c

 =

 a
0
0

 Derk(Λq)/T ∼= HH1(Λq)
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Derivation Operators

Given a derivation D : A→ A, can we extend D to all
A-bimodules?.

Let’s try Ae = A⊗ Aop.
Define

De : Ae → Ae

by De = D ⊗ 1 + 1⊗ D.

Then De is a derivation on Ae !

More generally, we can extend D from a projective bi-module
resolution P of A to itself.
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Lemma [ N.S. Gopalakrishnan and R. Sridharan]
Let D : A→ A be a derivation. Then there are k-linear chain maps

D̃• : P• → P•

lifting f with the property

D̃n((a⊗ b) · x) = D(a)xb + aD̃n(x)b + axD(b) (2)

for each n with a, b ∈ A and x ∈ Pn. Moreover D̃n is unique up to
chain homotopy.

These chain D̃n maps are also called derivation operators.
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Example

Let

B• := · · · → A⊗(n+2) δn→ A⊗(n+1) → · · · → A⊗3
δ1→ A⊗2 → 0

where the differential δn are given by

δn(a0 ⊗ a1 ⊗ · · · ⊗ an+1) =
n∑

i=0

(−1)ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an+1

and the homology in degree 0 is A.

B• is called the bar resolution of A.

8/ 18
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Example contd.
Let D : A→ A be a derivation.

Extend D to chain map on B•

B• : · · · // B2

D̃2

��

δ2 // B1

D̃1

��

δ1 // B0

D̃0

��

mp // A

D
��

// 0

B• : · · · // B2
δ2 // B1

δ1 // B0
mp // A // 0

where

D̃n(a0⊗· · ·⊗an+1) =
n+1∑
j=0

a0⊗· · ·⊗aj−1⊗D(aj)⊗aj+1⊗· · ·⊗an+1

for all a0, · · · , an+1 ∈ A, then extend k-linearly. Then D̃n is a
derivation operator satisfying equation (2).
Notice that for a⊗ b ∈ Ae , and x ∈ Bn

D̃n((a⊗ b) · x) 6= (a⊗ b)D̃n(x)
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Brackets on Hochschild Cohomology

The Hochschild cohomology of A with coefficients in M is given as

HH∗(A) = Ext∗Ae (A,M) =
⊕
n=0

Hn(Homk(A⊗n,M))

Lie bracket on HH∗(A)

[ , ] : HHm(A)× HHn(A)→ HHm+n−1(A)

defined by

[f , g ] = f ◦ g − (−1)(m−1)(n−1)g ◦ f

f ◦ g =
∑m

j=1(−1)(n−1)(j−1)f ◦j g where

f ◦j g(a1 ⊗ · · · am+n−1) = f (a1 ⊗ · · · ⊗ aj−1 ⊗ g(aj ⊗ · · · ⊗ aj+n−1)

⊗ aj+n ⊗ · · · ⊗ am+n)
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Properties satisfied by the bracket.
Let f ∈ Homk(A⊗m,A), g ∈ Homk(A⊗n,A), h ∈ Homk(A⊗t ,A)

I Anti-symmetry: [f , g ] = (−1)(m−1)(n−1)[g , f ]

I Jacobi identity:
(−1)(m−1)(t−1)[f , [g , h]] + (−1)(n−1)(m−1)[g , [h, f ]] +
(−1)(t−1)(n−1)[h, [f , g ]] = 0

I Graded Lie bracket:
δ∗([f , g ]) = (−1)(n−1)[δ∗(f ), g ] + [f , δ∗(g)]
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Theorem [ M. Suarez-Alvarez]
Let f : A→ A be a derivation and g ∈ Homk(Pn,A) be any
cocycle. Let f̃• : P• → P• be derivation operators satisfying
equation (2). The Gerstenhaber bracket of f and g is given by the
following

[f , g ] = fg − g f̃n

as cocycles on Pn.

Compare with [D1,D2] = D1 · D2 − D2 · D1.

proof uses chain maps between B• and P•.
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Recall previous examples contd.
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Proposition [T.Oke]
Let Λq = kQ

I be a family of quiver algebra. Let D : Λq → Λq be a

derivation on Λq. Then the derivation operators D̃n : Kn → Kn are
defined in the following ways

I D̃n(εnr ) = t(n, r)εnr , for some t(n, r) ∈ k .
if D is any of {Da,a,Db,b,Dc,c}.

I D̃n(εnr ) =

{
tf 1k ε

n
r + t

′
εnr−1f

1
k+1, for 0 ≤ r < n + 1

tf 1k ε
n
n+1 + t

′
εn1f

1
k+1, whenever r = n + 1.

if D is any of {Da,ab,Db,ab,Dc,bc}.
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For instance

I If D = Da,a, then

D̃n(εnr ) =

{
(n − r)εnr when r = 0, 1, 2, · · · , n
(n − 1)εnr when r = n + 1

.

φ = (a, 0, 0)
εnr (n ↓ , r →) 0 1 2 3 4 5 6 · · · r

0 0 0
1 1ε10 0 0
2 2ε20 1ε21 0 1ε23
3 3ε30 2ε31 1ε32 0 2ε34
4 4ε40 3ε41 2ε42 1ε43 0 3ε45
5 5ε50 4ε51 3ε52 2ε53 1ε54 0 4ε56
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Thanks for listening.
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