
Generalities on Hopf algebras

Recall that U Uq Sk K E F K K 342
where R is the ideal generated by

KK I K k CRI

KEK I q E R2

KFK I q ZF 123

EF FE K K t 424
q 8

Lg e k l fo Il

We've seen a description for the representations of
U both when q is a root of 1 and otherwise

For a deeper study of Rep U as well as the

representation theory of quantum groups other than
UqCsec we need a feature of the representation

category we have yet to discuss the ability to
tensor 2 representations
This feature is already present in rep theory of

groups and lie algebras if G is a group and
U V E Rep Ct then U V E Rep G by

g Lu u g u g u
and if U V E Rep g for a lie alg g then



U V E Rep g by
X u u u x v t X U V

In fact this happens because
Rep G Rep KG

Rep g Rep Ug
and both KG and Ug are Hopf algebras

Quick intro to Hopf algebras

A Hopf algebra is a bialgebra which admits an

antipode

Quick intro to bialgebras

Given an k algebra A we can consider Rep A
A bialgebra is an algebra with additional structures
s t these structures correspond to RepCA being
a monoidal category

roughly speaking
a category E with a product X Y e e

t X y e e and unit 11 E e s t

X Y Z X LY Z

X I X I X



For RepCA to be a monoidal cat we need for
all U V E RepLA U V E Rep CA s t

U V W U V W as A modules

and a RepCA structure on k s t

U k U E k U as A modules

We know that if A B ane k algebras then a

k algmap f A B induces a functor f
RepCB Rep A

If U V E Rep CA then U V E Rep CA A
so a natural way to have U V E RepCA is to
have a k algmap A

0 A A

Similarly a natural way to have k E Rep CA

is to have a k algmap A
E k

The condition that V U V W E RepCA
U V W U V W as A modules

translates to comm diagram
A 0 A A

o f fo id i

A A A A Aid O

and the condition that A k E A E k A as



A modules translates to comm diagram
A 0 A A

L id I id E z

A A A
Exoid

Def A bialgebra is a k algebra A with two

algebramaps to E satisfying u and 2

A o e where AE Viet is called a coalgebra
0 coproduct l A is coassociative

E commit 2 A is cownital

Fact If A is an algebra A A M n

and A is a coalgebra A A o E

then A is a bialgebra
o and E are algebramaps
m and u are walgebramaps

what about the antipode

If V E Rep G then V't Hom cu k C Rep G

by
Lg Y v 4 g v g E G TE V't V EV

Similarly if V E Rep g then V't E Repg by
n Y v 4 tn o ne g YE V't v EV



So RepCt andRep g have the extra properties that

objects have duals
In a general monoidal category Horne X Il is not

an object of e Instead we make the following
definition

Def let E Le 11 be a monoidal category
A duality in E is a 4 tuple

X Y EV X Y I coev I Y X
s t the followi mass are identity mass

Es ITid why y X 4111 X X

y I y
cow if y X y

id T y I y

In this case we say that Y is a right dual of X
and X is a left dual of Y

fd
Eg E Vectk For any V EVeith themaps

ev V K H v l Nu
wer K V I 1 E wi u i

make V V ev wer a duality
if eT and wet denote the flippedmaps of ev and
cow then V V't eJ wet is also a duality

Def A rigid monoidal category is a monoidal cat
s t every object has a left and a right dual



If H is a bialgebra then for any V E Rep H
fd

we want LV't V ev wer and V V et wet
fdto be dualities in RepLH i.e Rep H

fd is a rigid
monoidal category In particular we want the

fourmorphisms ev wer et and wet to be H mod

morphisms This translates to the following conditions
for the map 5

i S is bijective
ii S hi ha uh I h S hz
Iii S l hi hz E h I h S t hz

automatic from i t Lii

In fact from i t Lii can show that S is an

anti algmap and anti coalymap
S H Hop S H HCop

Some remarks
17 The antipode map 5 is unique if it exists

since it is the convolution inverse for the identity map
in Horn H H

27 Since S is an algmap H Hop we have

an induced functor
Mod H HOP Mod H Mod

hence S lets us switch sides



3 If f is an Lanti algebra automorphism
on a Hopf algebra H o E S we can define a new

Hopf alg structure H Yo YE Y S where

TO 4 Y o o o f
Y E E o Y I

e s to so 7 1 if 4 H H

to S to 7 if 9 H top
4 If ft is a Hopf algebra and M N E RepLH

then Hom LM N is an H H bimod by
h f k m h f k m

Via S Hot H HomLM N is an H Hop bimod

by h f k m h f Sch m

and since H Binod Hop H H Mod
Hom LM N e RepLH via the map 0 H H H

h f m hi f S hz m at

When N k M't Horn M K E RepLH

Further the linear map
N µ Honk M N

n f t tf n m f m n

is an H mod map when M Hank M N E RepH via Cit

For any P E RepCH define
pH p E P I h p eChp the H

One can show that

HomerLM N
t Horn M N



Uq sea as a Hopf algebra

Recall that U Uq Sk k E F K K 342
where R is the ideal generated by

KK I K k CRI

KEK q E R2

KFK I g ZF 123

EF FE K K t 424
q 8

Lg e k l fo Il

lemma 3 I 7 k algmap 0 U U U

defined by 0 E E I t k E
o F F K t I F

O K K K

If let's check 0 Rt we need

0 E o F o F o E I 044 o K t

q q 1

LHS EF K t E Ft KF Ek t k EF

FE K t FK k E E F K FE

also KF EK KF q2K E by R2
q2 KF K E

FK k E by 123



So we are left with
EF FE K t K EF Ft

K K t K I t k K K t
q g

l by124
RHS

For 0422 and 0423 we use that U U has

a natural grading induced from U and prove for
each homogeneous component using the formula

K K t w k t K qu u
f u E U U n

lemma 3.2 0 U U U is associative

Ef Straightforward calculation B

lemma 3.4 3 k algmap E U R s t

E E e F O

E LK I
s t U 0 U U

o f id f id E is commutative
U U U

id

PI Same as 3 2 DK



lemma 3.6 F algmap S U UP with
S E K E S F FK l

S K K 1

One has
5 u k tu k f u E U 2

PI For CD we need to check 5422 S 124
SCR2 S K S E S Kt q's E
LHS K t P C K IE P K

K L K E K q2 L K E RHS
K E E UI

and Kuk l q u for u CUn
s423 and 5424 can be checked similarly
2 is a very simple check

Rink 3.10 Quantum trace
let C be a rigid monoidal category and let's say

that we have a natural isomorphism L X E X

H x e e Then we can define Hq X C End Il

called the quantum trace of X Curt d to be

EY x X't 5d X X't EE Il
fdIn our case C Rep U We want an H mod map

Lµ M M Unfortunately the linear map
M Y M't't m 1 Ym f f m is not H linear



since u 4cm 4 Shu m t 4 u m in general
However since Stu K tuk we just need to make

a slightmodification the map
M M in 1 4h f f k m

is now a U modulemap
For a fd module M we can identify EndpLM
M M't K with trace then we can identify
the quantum trace Hq with the map

Endk M k 4 I tr Yo K t

Next time U as a quasi triangular Hopfalgebra


