
 

The commutativity constraint for U modules

Fix a field k and g E k l fo Il f
Recall U Uq sls
As a k algebra U kCE F K K B R
R generated by

KK I K K

KE K t q2E
KF K t of

2 F

EF FE K K I
g q 1

Last time we also discussed a Hopfalgebra structure
on U i we have algebramaps

0 U U U E U k
0 E Exo I t k E E E s O

0 F F K t I F E F O

o K K K e k 1

and an anti algebra anti coaly automorphism
si U U

S E K t E
S F FK
s K K t

U o e s is a Hopf algebra which makes

RepLU
fd a rigid monoidal linear category



Also recall that if 4 U U is an anti alg
automorphism then we can define a new Hopf alg
structure l U 90 Ye 4S by

Y 4 o D o f I t E E o f t

YS Yo S l o f 1

In particular letting if T the anti automorphism
defined from Chapter 1 T E E T F F T K K t

we get to c and
to E E I t k E TS E KE

TO F F K t I F T S F FK I

0 K K K T S K K 1

Today we want to construct a braiding on Rep U
fd

ie natural isomorphisms of f d U modules M N E

N M satisfying two hexagon identities It turns

out that we can only accomplish this goal for a subset

of Rep U fd using a generalized R matrix

Assume q is not a root of unity and charck 2

Def Set for all integers n 30

On an F En E U U

where

an L 1 q
Nn 13 2 G gDn e k

n



In particular Oo I I O Cq gD F E

Q 0

an satisfies the recursion

an q
CnD 8 8 an

n

lemma H n 3 0

l E 1 On t K E On I
On E l t On 1 K t E

2 l F On t F Kt On I

On I F t On 1 F K

3 K K On On CK K

Pf Part 3 follows from an earlier formula
K K u q U K K u E U U n

here On an Fn En E U U o Parts l t 2

follow from elementary calculations Do

let M and N E RepLU
fd Recall that E and F

act nilpotently on M and N hence we can define
a linear transformation

D One N M N N M

by O
n o On Note of U U

The formulas from previous lemma imply
Abu o O O o Ta Lu tu C U



Since F E acts nilprtently on M N we can

find a basis s t the matrix of F E is strictly lower

triangular Each On is up to scalar equal toCF E

so for n 0 its matrix is strictly upper triangular
Since O_O id and O E On we see thatn O

Qu N is bijective

Recall that for M E Rep ut
fd we have

M to Mx
XEK

where Mx m E M km Xm

Further the non zero weights are contained in

1 ga l a E Z

Suppose we have a map f 1 x IL k s t

f X pre X f X peg pi fl Xq2 pe
H x µ C It

We'll seewhy we want this map soon
Then we can define V M N E Rep U Fd a bijective
linear transformation F M N M N by
F I m m f l X pl m n m e Mx n E Nyu
Set

of O o F
lemma A u o Of Of o LPum o A u

there Pu w i V W W V denote the switch

map
0 w te w 0



PI Recall that
Abu o O Go Ta Lu
o u o Of O u To u o F

and so it suffices TS that
to u of Fo Poo u

Onlyneed to check for generators E F K ie

E I t k E of Fo E K t I E l

l F t F K of Fo k t F t F l Z

K K o f Fo K K 3

Formula s is clear since F stabilizes the weight
spaces First 2 formulas are similar we'll show u

if m E MX and n E Nye X µ E k

LHS m n f X pi Em n t X'm En

RHS m n Fl Em gun t m En

f Xq3µ µ Em n t f X µq2 m En

Recall EM C Mg X FMx C Mq2x
Equality follows from

f X pi µ f Xq3 µ Xf 4 µq7

Theorem 3.14 let M N C Rep U
Fd The map

Of o P M N N M

is a natural isomorphism of U modules



If Naturality is clear from our construction The

map Of
o P is linear and bijective because Of and

P are so We have that V u E U m EM n E N

P u m n Po 0 u m n

Poo u P m n

so Of o P ie m n of 0 Poo u P m n

bypnev lemma o u o Of P m n

u LO't o p m n

Rink The condition of f 1 x 1 k I
ga l a C 2 that

f X pi µ f Xq3 µ X f 4 µq7
means that H m n E Z and Ei Ez C I

f e qZm Ez q2n c Eamg
2mm f la ez

f E gunt e qin Einein g
12Mt f e g ez

f e q2m ezq2nt e ein g
UntDnf Ei Ezq

f e q2mH ezq2nt ein ein g
C m mtn

f gg ezg
Hence f is completely decided by the 16 arbitrary
choices of f on the RHS

For example if f q q g then the formulas

imply that f g g
t

g and f loft q I f Lg qD

We want to prove the following theorem



Main theorem let M N P E Rep cu
fd Suppose that

f X pro f X pi f x o

f x µ o f x o f mo
for all weights X µ u of these modules Then the

following diagrams commute

M LP N E M P N
id Ry j R id

M N P P M N

U2

M N P I P LM N

r id N M P I N M P g id R

M N P
I N CP M

112

M IN P B N P M

Before we prove this we need some preliminaries

1 Recall that On an F En E U U

where

an L l q
Nn 13 2 G gDn e k

n

One can check that
an am qnm nutm ant m U m n 3 O 1 3



Consider in U U U the elements
D n an F K En On an Fn K n En

we claim that

to 1 On 0
l On i 0

This is true since

LHS Enoan qin
i Fi F n

i
k i En

n

RUS E ai an i I F n i En i Fi K i Ei
i 0

Soequality followsfrom Ut Oneshows similarly that
I A On Eo On i l 0

The antiautomorphism satisfies
T T On On and T T T On 0 n

Hence we obtain

TO 1 On Eo Of I On i
l To On Eto Oi On i l

27 HM N P E Rep U fd we can construct three

automorphisms of M N P i

072 Of l Ots I Of
Off I P QE I P

Similarly we have 012 013 Qs which are defined in
the same way just without the f



Also we have Fiz FB Izz E Aut M N P in a

similar way forexample fuzz maps in n p with

m E Mx n E Nµ p E Pu to f µ o m n p
We define operators

E O'n and O E On
n30 n 0

We claim that

Fiz 0 013 O o Fiz i

23 013 0 o 23 ii

Fiz 0FB 0 l O I 0 o Iz o Es Ciii

23 FB 0 O l O 1 o Fa o FB iv

We will onlyshow i

For n m n p E MX Npr Po

LHS re
n o an f Xg

4
µ Fm n Enp

an pi f X pi Fhm n Enp
n o an f X pi F m K m Enp
O o Iz ne RHS n

Rmk As a consequence of the abovefour equations
we can show that

Ofa o OE o of of o Of o 0,1
as operators on M N P forarbitrary M N P E

Rep 4 Fd In particular when M N P we get
the quantum Yang Baxterequation



Nowlet's get back to proving the main theorem Recall
an additional assumption that

f X pro f X pi f x o

f Lque o f x o f mo
for all weights x µ u of M N P E Rep U fd

we will only show the first diagram
M LP N E M P N

id Ry j R id
M N P P M N

U2

M N P Is P LM N

commutes

Sketch of proof The twomaps in the upper half are

O 1 o fr 0 pm followedby l 0 o 23 o Pu

Obviously Plz 0 I O 013 o Plz
Pp o Izz FB PR

we also have In 0 013 O o Fiz by i

So the upper half can be written as

1 o O o Fiz o 23 o P12 P23

The lower half is the composition of a permutation of
factors equalto P z o Rs a map F that takes
n E Py Mpe No to f X pro u and finally
I O 0 Since I 0 O O 1 O we see

that the maps are equal iff



I Fiz FB
since RHS takes u to f X pi f X o n we see that
the maps are equal iff f x pro f X pi f x o

Rink If f satisfies the 2 extra conditions for all

weights of the form of
a with a E Z then

f qa gb f q q
ab ta b e Z

Further f q 1 f q 1 f q 1 f q D I

f q q f q q f Lg q2 g f Cq D g
I

so f no q is a square root of g
Suppose he contains a square rootof q denoted by q
Then we can define

f qa gb q42
ab ta b E Z

and then all conditions on f are satisfied for weights
of this form
However we cannot extend f to all of IT this way
From fl l l fL l D fl b 1 we get f l l l 1
From fl l qf L l f t 1 we get ftl q2 1

From fl l q2 f Lt g Ftl q f Ll g we get
f I I q4 I

Wesay a U module M is oftype 1 if all weights
have the form ofa with a E Z In summary if K contains
a square root of q then we can choose f s t we get a
commutativity constraint for all f d U modules of type 1


