
 

Reptheory of semisimple lie algebras

Beforediving into rephtheory of f d s s Wealgebras
let's recall some facts about the lie algebras themselves

let L be a f d s s lie algebra lover 1C or some alg
closed field k Then L has a maximal toral arbalg
Fix one such algebra TCL then

L T to LL
OI

where I LET I OS ly t Of is the set whose

elements are called roots and
n E L Ct n LCt ie ft E T

Note La 43 E Ktp

Somefacts about roots
I let L 7 denote the dual killing form on T't

H v E T If o let Yo then

µ 57
2 1 5 z lui 07

The new bracket L 7 is linear only in the 1st variable
and is insensitive to resealing the inner pdt s s

With respect to this new bracket
V 2 p E I LL p'T E Z

Cartan integers



Furthermore c KL n I Id

o ta p e I L L L f p t I
2 Csl triples let L E I Then dimply I and

L2 L D Kha where

E T s't Lp N pcha

Explicitly ha 29 where ta E T L E T't

Moreover

S2 LL lo Kh La is a lie subalg of L s t SL see
with h h E Sla

3 There is a finite set D di Ln of roots that
forms a basis for T't E kn and s t t p e I

P fo ZgL w all 22 E Zt or all 22 E Zt
The roots in 1 are called simpleroots They give rise to a

partition of It as

I OI u
negativeroots

positiveroots

There is a partial order on 1 given by
µ I v v pe E 24 It Zt A To Z t tii L

With this partial order we can write

It L e I l a Of
I a e I I d t o f

The rootspace decomposition takes theform
L N T to N t NI LL

dE It



where T is abelian and N are nilpotent This is called
the triangular decomposition of L For the classical lie algs
N consist of strictly upper lower triangularmatrices
We will alsodefine the positive and negative Borel subalg
to be

BI T to N t

4 Fix a basis I 2 2n of simpleroots of E
Define the root lattice

R 2OI E ZL IO Zhi zton
LEOI i l

and the weight lattice
1 X E T't C X I E Z V L E I I

X E T't C x Liv E Z t Li E A f
not obvious Exercise 72.3 in Lorenz'sbook

we have R E 1
Theweights Xi s t L Xi Lf Si j are called the

fundamentalweights They form a Z basis for 1 ie

1 Z Xi zton

Next we define
It X E T s X di E Z t f di E I

IO Zt Xii L
The weights X E 1T are called the dominant weights



THE WEYL GROUP

let OI be the set of roots and fix a basis 1

For each L E E let Sy 1 T't

saLM pi gu Lu 2

Cancheck that Sy is the reflectionthrough the hyperplane
orthogonal to L

let W S sa I L e I c GL Ttt

W is called the Weylgroup of OI

Example sea
Recall that she Kf th to ke

f 198 h o9 e 8 o
h e 2e h if 2f e f h

Kh a maximal toral subalg
Kh k ie functionals on kh act as scalars

with this identification I I 2 since

he L2 f X E Sls Lh n 2se f
kf L 2 f X E StaI Ch n 2x

h h h

R e R e R e
O e l 2 kf e Lo Kh e ly ke O

f f f



The root lattice is 22 choose a 25 so It 2

and I f 2 Hence Nta Le ke

N L z kf
The fundweight satisfies s X I I

L X 27 L X I

so X l The weight lattice is 2 The Weyl group W
is generated by reflection sz of order 2 so W 2422
and operates on T't k bymultiplication by Il
Thepartial order on 1 k is givenby

µ f X X pi E 2 Zt



REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS

let L be a f d s s lie algebra If U E RepLL
fd

then we have a decomposition
to Vx CA
XETtt

where Vx n E V i t u X t a ft ET is the X

weightspace for V

Easy check LL Vx C Ktx

General result a The weights X occurring in C belong

to 1 ie they appear in the weight lattice
b If X is a weight of V then the orbit WX consist

of weights of V all having the same multiplicity
dimer Vx dimerVw H w E W

We will use this to calculate all weights appearing in

certain f d representations later

Example Rep sez
let V be a fedirrep of slz of dime n and consider

to Vx to Vx
XET't XEk

Norte ke Vy Lz Vx e Vat 2

Kf Vx L 2 Vx E VX 2



In particular if X is maximal among all weights Wrt S
and O t v E Vx then e u 0 and u generates all of U
Hence the vectors f i v O S is n l forms a basis for V

Using this we can figure out that the weights are
n l n 3 n 3 n 1

all occurring with multiplicity 1 A class of representatives
of f d ineps are given by Symm K2 where K2 is the
natural reph Hm 31

Note that in this case the finite dime irrepsonly depend
on the maximal weight This remains true for general

f d s s lie algebras

Highestweight representations

let V E Rep L Fd We say that V is a highestweight
representation withhighestweight if X is a maximal

weight wrt I of all weights occurring in the weight
decomposition V toYu F O t v E Vy s t v

MET
i and

generates all of such a v is called a maximal vector

Key result We have bijections It

f d irreps of Lf f d highest
weight

reps of L



A class of representatives of f d irreps is givenby the
Verma modules X X E It
Someinfo about CX i

4 To compute which weight appears in VCH first

compute all dominantweights 1 X then use Weylgroup
to get the nest Lorenz Proposition 7.16

2 Themultiplicity m ya of a weightpie is given
by Kostant'smultiplicity formula Ht tin

Miyu E CDel 0 site gut p6EW f
Kostant'spartitionfunction

3 The dimension of X is givenby the Weyl dim
formula dim x IT at pod

a O Cp d

4 Themultiplicity M r of Gu in UX V T

is given by the Racah Speierformula
Mff E the Mr Colpetp HtpEW

Example From the Dynkindiagram of Bz

we have 2 simple roots di Nz w 112,11 11 Lz Il

Onecomputes angle Li 22 135 degrees

and 11411
112211

VI

and can verify that the fund weights are

X t Lz Xz L t Lz



Since 2 2 C It we can consider V Hz

The dominantweights I 2 Xz are 2Xz di Xz O

which are rectangular nodes whosemultiplicities inside are

computedusing 2 The remainder of the weight spaces
in circular nodes are computed using the Weyl group


