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SWAG Fall 2020 - Lecture 2: Representation of groups

1. WHAT IS A REPRESENTATION?

Often we try to linearize problems in order to make them easier to understand and in this way find approximate
behaviour (caleulus, Maclaurin series, tangent spaces) and tools (linear algebra) to study it.

Groups are not linear in general. But we can try to make them do linear things. jV‘ o P
-

Definition 1.1 (Representation). A (linear) representation of a group G on a vector space V' is a homomorphism

P g — GL(V).

—

——
If it is clear what G is intended, we write (p, V'); if it is clear which p is intended, we write V. Thf degree 'nf the

representation is the dimension ol "

What does this mean?
Each g € G gives rise to an invertible endomorphism p(g) of V' which we think of as g acting (doing something)

linearly on V', i.e., for any v.v' € V, A € F (field which V is over),
plg)(v + ") = p(g)(v) + p(g)(v')
plg)(Av) = Ap(g)(v)
pleg)(v) =v
—m
plgh)(v) = p(g)(p(h)(v)).

So via p, G gives some symmetries of V. Note that
- L
plec) = v, p(gh) = p(g)p(h), and p(g~') = p(g)~"
O —
Thus, this notation captures much of how you thought about groups before you learned the actions of a group.

Example 1.2 (A roprosontatiun of eyclic group of 4). G = Cy = {e.x, 2%, 2%}, a cyclic group of order 4. Let V to
— LA .
be the re ape. Let 3

(E\ oD p: G — GL(V)

I —
given by a rotation clockwise l)_\rmlius.

Example 1.3 (Trivial representation). Any group G, V =@ plg) = 1y, identity operator. This is a representation
Jd

of (G, not surprising it is called the trivial representation of G.

Example 1.4 (Dihedral group). G —@ be the plano p the “natural representation”, 10 D, is a symmetry
e——

group. <0\ l) ﬂ' :'_‘.lg — Ld" = 0\- . rDQV[.

For example, if n = 8, you can rotate stop signs with 16 different ways.
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+1y  if 7 is even

Example 1.5 (Symmetric group). G = S,,, V = F, for am@é Sy p(m) =4 —
_— - . —1y  if wis odd
__

For example, if n = 3,
— ]

[li})—[u)(’;) ple) = pl(1Z )_”‘L"”‘l‘

((_13). = ((_._3)) = p((13)) = —
(132)= (1)} -

We need to decide when the representations are indistinguishable.

is called an isomor

(p1, V1) = (p2, V2) gr|V7 =V,
-"\

We can write this more economically as,_ % _——
pr=¢opo o}

which meansfpa(g) = dopi(g) oo~ A

We write

for all g € G. n

~

I~
2. BASIC PROBLEM: DESCRIBE ALL REPRESENTATION OF A GROUP UP TO ISOM HES &Cg} (JC,U‘}/

< ~ —r

Although the above definition of isomorphism is obvious, it is great because of what you know about vector spaces.
Choosing a basis B for V' produces a vector space isomorphism V' = F” for some n. This then gives us a representation

of G on F™ isomphism to (p, V') such that
p G — GL(F") = GL.(F)
where Vg € G, p'(g) is the matrix version of p(g) with respect to B.

Example 2.1 (Continuation of Example 1.2). G = Cy, V is plane with the standard basis, i.e., {[}].[{]}. Then

the isomorphic representaion is -

L0 0 1y , -1 0 4 0 -1
€ +— I LT = L = .
0 1 -1 0 0 -1 1 0

—
Example 2.2 (Continuation of Example 1.3). For any G, V' with basis r. the isomphic representation is identity

—_— - —e

matrix of dimension

Example 2.3 (Continuation of Example 1.4). G = Dy = {a.bla* = b* = e, bab™' = a~'). Let V be a plane with

—J
the standard basis {{}],[{]}. Then, a is rotation countérclockwise by 27/3, b is a reflection in J-:uis‘ Thus,

o [cos(27/3) —sin(27/3) —-1/2 \/_/2
in(27/3)  cos(27/3) \/_/) _1/2
_; 0) ‘ ["
— .
| -

and so on. % ]

We have to be careful, however, since a different choice of basis will give another representation which may look

different. [a C L) = C ( /3(

[z Ty or=edChs
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6(L)

Example 2.4. o : D; — GLy(R) defined as

Thus,

0 - —X
[\ C ¢

ple) = A C) A
Pre)= A L) 3K =@
— S h=f 33
4+ &3
T —_—




