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SWAG Fall 2020 - Lecture 14: Induced represent

ation

11. INDUCED REPRESENTATION

Review for last time.

GzHY.

Definition 11.1. Given (V,p) of G, we can consider the reprsentation of H given by restriction (resf; V) : H&»

G — GL(V) -
Lemma 11.2. Let xv be the character of V. Then, Yoo v = Xvig-
Definition 11.3. Definition: Let ( H bo a wpnmontatlon of H. The mdu( ed representation Ind$; W is the space

{f_@j" lf(.m ) Yhe HVgeG)

Lemma 11.4. lndﬁ W is a representation of G

Example 11.5.

oft =5 ., , (k=4

e H=0(; lndﬁ W = W, We just send [ to f (eq) 3 H = 3 /H -

e H = {¢};IndY; C = C[G]. the regular representation.

. Indj:: C =1, & I>( see Exercise 3 in Lec 13/14 wkst ) " Wﬂ = U)ﬂ 7 2 @gMZ &

Start new! wr r & C"/(/( 3

Let .
) ) if e & gH
= {fuwg: G W:weW.ge G} where
: Vh € H
(')l)viomly,io,‘) Z Wy = W by Oy(fugy) = @1% a vector space isomorphism. ‘eover, W, can n be denoted as W, gH

—L 7
since it is invariant under the (:oso}f.(ln other words, if g = ¢'H, then W, = W,.: just permuting W,.)

Theorem 11.6.
(1) Ind§j(W @& W) = 1nd§, W @ Ind$ W7

2)Tet R be a set of coset representation of G/H. Then, as a vector space lnd(’ Wi &,.cgW,. In particular,
C

. //(v
dim(Indj; W) =[G : H]dim W.

(3) Let H {K)< G. Then Indg, W = Ind§-

Proof. (1): Forany f:G — W & H " we may write f(J) (f1(g). f2(g)) with(f1 : G = W_fo: G — W'

————

J conversely,

=
for any such f, and f2, we may (ompow them into a function (fi, f2) : (: —- W Jc W'. This gives an isomorphism
—

between them.

(2): Since gH 'H jmplies W, = W, we may writox all W, with r € @Smce C Ind§; W is clear, it
: VIis rect s are contained in the direct sumf.

suffices to Show tha

To sce 3, Wi = reaW,. detfDe W, 0[S,

gH = 7Jthen [, Jgr= Il s # r, thus
(o= Fyrmen oty = -t

—

b
However, if gH # r, then f(g) = fu.,(g) = 0, thus f = 0. This shows that{W, N>, 2 Wy
—)

\-.A ~
actually the direct sum.

Now, to see &, cgW, = lud‘,’; W, let] f € Indi}' H;

> g W,[1s a direct sum an’jldﬁ
52 ﬂ’ : W} Then, f =@= Y strwew Mosfuw.s for some C.If

- Z /\u"..«fu'..«(g) =‘0'

weW

-
= (), hence the sum is

—

Letfor all » e@ We claim that E&DE
s : that g = sh. Then,

©regW,.. To see this, let g € . Thus, there exists some s E R, h € H such

Bﬁ) = Seh) = 4 ‘ o (h ' fus sh)—sz..

yER

“-PWSCQM '
—f —ﬁ (;L,J

"“-@

Thus, = Ind§; W[ Since 0, : W, — W is a vector space isomorphism, we deduce that

(3): Exercise.

~

dim Ind$; W = Z lim W
ref
We want to consider how G acts on eacl’appearing in (b). We claim that _ﬁ
p— r—
, S

{ PindG w (J)l“ W — W

@; imW = (G : H]dim W,
—

where r' is defined by v'H fi qu ;To check This, lef f, U Then, for s E@ heH, A\F

=1 if q‘lsH ;é,.lH
sh) = f,
, Q £l 1H) |tJ‘1sH—1H

)
Notation: Suppose we have a class hm(tloni Y on H’ Write| y[for the functlon ¢ oC (not necessarily a class function)
| m—

- F:— ifge';i' X = ?6(
: e

——

x(g) iffg € H? - )

. _ 1 P
fyz) g (i) = Il > x(a ga)
\ — zeG

] X1nd§ w(g)) =

- ~ reRr-lgreH
. Praagg w ( ' . .
We have W W, —‘—> W, W, which gives

Z Trw, iﬁlmlg-; w(g)) :(Tl‘w

3

Thus,

Try, Oy-ﬂmd‘;;(g)or_ )= Tl‘ :‘ '

Hence, (+) and (++) implies that ————

>




