An algebraists view of the multinomial coefficients

Pablo S. Ocal

Texas A&M University

February 16th, 2019

Pablo S. Ocal (TAMU)

The Multinomial Coefficients

February 16th, 2019

1/

14



Outline

@ Historical introduction
© Definitions and interpretations
© The multinomial coefficients are natural numbers

@ Conclusion

Pablo S. Ocal (TAMU) The Multinomial Coefficients February 16th, 2019 2 /14



Where did they appear?

@ Pingala wrote “Chandasastra” around the 3rd and 2nd centuries BCE.
© Halayudha wrote “Mrtasanjivani” around the 10th century.

© Bhaskaracharya wrote “Lilavati” in 1150.

@ Pascal wrote “Traite du triangle arithmetique” in 1653.

© Andreas von Ettingshausen introduced the modern notation in 1826.
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verficdener Elemente ehne BWieterfolungen fiir die hte Klaffe
3% fuden, wobei k nie grifer feyn fann, al$ n.

Da wir im Folgenten febr hiufig Gelegenbeit haben wer-
dent, von bem nmumerifhen Ausdrude biefer Menge Gebraudy
31 maden, fo wollen wir dafir das Ieiden (:) wablen,
und e8 mit den Borten n Gber k ausfpredyen, wobei die obere
Babl ftets die Anzabl der combinirten Elemente, dic untere
aber ben Rang der Combinationsklafle angibt.

Dan denke fidy alle Combinationen bder n Elemente jur
nidyftoorbergehenten (k— 1)ten Klaffe gebiltet, und jebe eins

(h: n) (1 i mit
jebem der in ibr nidt vorfommenden n—(k—1) Glemente
verbunten, fo ergeben fidh (ki .)'[n—(l—:)] GComple=
sionen, welde fimmtlid) ber kten Klaffe angebdren, und unter
welden jebe denfbave Combination diefer Kiaffe genay kmal
erfdheint. Jede Combination ter kten Kiaffe fann ndmlich,
indbem man fih fets ein anberes ibrer Clemente bavon getrennt
votftellt, auf k verfdicdene Avten burd) Deveinigung einer
(k—1) ftelligen  Complerion mit cinem einfaden Elemente
ergeugt werden ; welde audy immer diefe (k — 1) fellige Coms

" plegion fep, fo mufte fie fidy jedesmal unter obigen Gombihatin:
nen der (k— 1)ten Kiaffe befinden , und indem fie nue allen in
ibr nidyt vork n—k—1) €
einging, audy jenes cinpelne Element mit aufnehmen. Es ift
demnady die Anzahl aller oerfcbuhuum Combinationen von n
Glementen gur kten Kiafle
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Atlein in der exften CombinationsElafe ftet jedes Clement
$lof einjeln, daber ift (':) = n, alfo fis

jelne der Piebei Statt
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Bweiter Fall, € it bie Anzabl der Combinationen
von n Elementen jur kten Rlaffe mit uneingefdyvdntten Wies
berholungen ju beftimmen, wobei k fo groé fepn fann, al$
man will
Pan bejeicyne die \m(nngn Unyabl tmﬁmﬂlm burd) Cx,
und denfe fiy alle Combi mit Wiederhol: ber ges
gebenen n Elemente jur nédftvordevgebenden (k—1)ten Klaffe
gebildet, fo wird die Anzabl decfelben, ter angenommenen Bee
jeinung gemds, durdy Cu—y vorgeftellt.” Man verbinde jede
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Combinatorial definitions

Definition

The binomial coefficient n over k, denoted (Z) is the number of subsets
of k distinct elements that can be obtained from a set of n elements.

Definition

The binomial coefficient n+ 1 over k, denoted ("Jkrl), is the number of

strings consisting of k ones and n zeros such that no two ones are adjacent.

Clearly we have (}) € N.
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Factorial definition

The binomial coefficient n over k, for k < n, is:
n\ n!
k) k'(n— k)!"

The multinomial coefficient, for n = ki + - - - + km,, is:

n B n!
ki, - km/) kil - kpy!

Definition
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The Binomial and Multinomial Theorem

A classic result immediately proves (Z) e N.

Theorem (Binomial Theorem)

Given n € N we have:

(x+y)" = z": (Z) x"yk,

k=0

And a generalization immediately proves (k1 " km) eN.

Theorem (Multinomial Theorem)

Given n,m € N we have:

n

ki km
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Direct proofs (1)

A combinatorial approach:

Proposition

Given n € N we have;

(1+x)" = s (Z)x".

We have (1 + x) multiplied n times. For any k < n, to obtain x* we pick

k factors with x (out of the n possible), and for the remaining n — k we
pick 1. [

Hence (}) € N.
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Direct proofs (1)

An iterative approach:

Proposition (Pascal’s rule)
Given n € N we have that for 0 < k < n:

n\ (n-— 1 i n—1
k) \k-—1 k )
Left as exercise. O \

And since (g) =1 = (), we have (}) € N.

n
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Pascal'’s rule proof

(Z) + <ki1> ~ Kl : AT (k—l)!(:!— k+1)!

(n
~ nl(n+1—k) n'k
B TCES S I TC e ]
_nl(n+1—k+k)  nl(n+1)
T Kt 1-k)!  K(n+1- k)
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Direct proofs (and III)

Given n, ki, ..., kym € N with n = k; +- - -+ k,, we have that (k1 e ) e N.

neoag/ )

D)
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Direct proofs (and III)

Given n, ki, ..., km € Nwith n = ki + - - - + k, we have that (, ", ) € N.

7"'7km

We have a natural inclusion Sy, x -+ x S, C S,. Then by Lagrange's
Theorem ky!--- kp! = |Sk, X -+ X Sk, | divides |S,| = n!. O

v
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Tiny prerequisites

For two sets X and Y, we have | X x Y| =|X]|Y|. Moreover, |S,| = n!.
The natural inclusion:

Sklx---XSkm — 5,,
(01,...y0m) +—— 01...0m

where o; acts on the components ranging from k; +---+ kj_1 + 1 to
ki+---+ ki, i=1,...,m, is a group homomorphism.

Theorem (Lagrange's Theorem)

Given a finite group G and any subgroup H, then |H| divides |G]|.
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Conclusion

Non trivial results can be used to prove concepts in a beautiful way.
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Thank you!
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