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Where did they appear?

1 Pingala wrote “Chandasastra” around the 3rd and 2nd centuries BCE.

2 Halayudha wrote “Mrtasanjivani” around the 10th century.

3 Bhaskaracharya wrote “Lilavati” in 1150.

4 Pascal wrote “Traite du triangle arithmetique” in 1653.

5 Andreas von Ettingshausen introduced the modern notation in 1826.

Pablo S. Ocal (TAMU) The Multinomial Coefficients February 16th, 2019 3 / 14



Pablo S. Ocal (TAMU) The Multinomial Coefficients February 16th, 2019 4 / 14



Combinatorial definitions

Definition

The binomial coefficient n over k, denoted
(n
k

)
, is the number of subsets

of k distinct elements that can be obtained from a set of n elements.

Definition

The binomial coefficient n + 1 over k , denoted
(n+1

k

)
, is the number of

strings consisting of k ones and n zeros such that no two ones are adjacent.

Clearly we have
(n
k

)
∈ N.
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Factorial definition

Definition

The binomial coefficient n over k, for k ≤ n, is:(
n

k

)
=

n!

k!(n − k)!
.

Definition

The multinomial coefficient, for n = k1 + · · ·+ km, is:(
n

k1, · · · , km

)
=

n!

k1! · · · km!
.
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The Binomial and Multinomial Theorem

A classic result immediately proves
(n
k

)
∈ N.

Theorem (Binomial Theorem)

Given n ∈ N we have:

(x + y)n =
n∑

k=0

(
n

k

)
xn−1yk .

And a generalization immediately proves
( n
k1,...,km

)
∈ N.

Theorem (Multinomial Theorem)

Given n,m ∈ N we have:

(x1 + · · ·+ xm)n =
∑

k1+···+km

(
n

k1, · · · , km

)
xk1

1 · · · x
km
m .
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Direct proofs (I)

A combinatorial approach:

Proposition

Given n ∈ N we have:

(1 + x)n =
n∑

k=0

(
n

k

)
xk .

Proof.

We have (1 + x) multiplied n times. For any k ≤ n, to obtain xk we pick
k factors with x (out of the n possible), and for the remaining n − k we
pick 1.

Hence
(n
k

)
∈ N.
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Direct proofs (II)

An iterative approach:

Proposition (Pascal’s rule)

Given n ∈ N we have that for 0 < k < n:(
n

k

)
=

(
n − 1

k − 1

)
+

(
n − 1

k

)
.

Proof.

Left as exercise.

And since
(n

0

)
= 1 =

(n
n

)
, we have

(n
k

)
∈ N.
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Pascal’s rule proof

Proof.

(
n

k

)
+

(
n

k − 1

)
=

n!

k!(n − k)!
+

n!

(k − 1)!(n − k + 1)!

=
n!(n + 1− k)

k!(n + 1− k)!
+

n!k

k!(n + 1− k)!

=
n!(n + 1− k + k)

k!(n + 1− k)!
=

n!(n + 1)

k!(n + 1− k)!

=
(n + 1)!

k!(n + 1− k)!
=

(
n + 1

k

)
.

Pablo S. Ocal (TAMU) The Multinomial Coefficients February 16th, 2019 10 / 14



Direct proofs (and III)

Theorem

Given n, k1, . . . , km ∈ N with n = k1 + · · ·+ km we have that
( n
k1,...,km

)
∈ N.

Proof.
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Direct proofs (and III)

Theorem

Given n, k1, . . . , km ∈ N with n = k1 + · · ·+ km we have that
( n
k1,...,km

)
∈ N.

Proof.

We have a natural inclusion Sk1 × · · · × Skm ⊂ Sn. Then by Lagrange’s
Theorem k1! · · · km! = |Sk1 × · · · × Skm | divides |Sn| = n!.
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Tiny prerequisites

For two sets X and Y , we have |X × Y | = |X ||Y |. Moreover, |Sn| = n!.
The natural inclusion:

Sk1 × · · · × Skm −→ Sn

(σ1, . . . , σm) 7−→ σ1 . . . σm

where σi acts on the components ranging from k1 + · · ·+ ki−1 + 1 to
k1 + · · ·+ ki , i = 1, . . . ,m, is a group homomorphism.

Theorem (Lagrange’s Theorem)

Given a finite group G and any subgroup H, then |H| divides |G |.
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Conclusion

Non trivial results can be used to prove concepts in a beautiful way.
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Thank you!
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