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© Motivation
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Why do we care?

@ Sometimes we can understand the (co)homology theory of a tensor
product in terms of the (co)homology of the original factors.

@ This understanding relies on the tensor product of projective
resolutions for the factor algebras being a projective resolution for the
tensor product of the algebras.

9 (v:ap, Schichl, and VanZura introduced twisted tensor products in 1995
as an analogue for non commutative algebras.

@ In concrete settings, a construction similar to the commutative case
have been achieved, yielding similar results.

© Shepler and Witherspoon unified many of these constructions in 2018.
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Computational use in concrete settings

© Negron and Witherspoon in 2016 develop techniques to construct
Gerstenhaber brackets on Hochschild cohomology.

@ Grimley, Nguyen, and Witherspoon augmented these techniques in
2017, constructing and computing the Gerstenhaber bracket in some
twisted tensor products.

© Can these conditions be relaxed to compute the Gerstenhaber bracket
of a twisted tensor product? If so, how much?
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© Basic definitions
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Algebras over a ring (1)

Definition
Let k be an associative commutative ring. We say that A is a k algebra if
it is a k module and a ring, where the product i : A x A — A is bilinear.

o Commutative: k[x], k[x1,...,xn], k[x]/(x") for n € N.
o Noncommutative: k(x,y)/(yx — xy — x?).

Definition
Let A be a k algebra. We define A°P the opposite algebra of A as the
vector space A with multiplication pop, : A X A — A given by:

Hop(a, b) = pu(b, a) for all a,b € A.
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Algebras over a ring (and Il)

Definition
Let A be a k algebra. We define A€ the enveloping algebra of A as the
vector space A ® A% with multiplication € : A® x A®* — A€ given by:

pf((a1 ® br), (a2 ® b2)) = (a1, a2) ® prop(br, b2) = a1ax ® boby

for all ai, ap, bl, by € A.

| A

Examples:
° k[x]® = k[x] ® kly] = k[x, y].

o k[x]/(x")® = kIx]/(x") ® k[yl/(y") = k[x,y]/(x",y") for n € N.

A\
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Modules and bimodules over an algebra

There is a one to one correspondence between the bimodules M over a k
algebra A and the (right or left) modules M over A¢.

Note that A is a left A module under:

(a® b)-c=ach for all a,b,c € A.

o

More generally, A" = A® --- @A is a left A module under:
(a@b) (R ® - ®ch1®Cp) =aci Q-+ Cr_1 @ Chb

for all a,b,c1,...,c, € A
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The Bar sequence

Consider the sequence of left A® modules:
LN N L N ) Qg gy

with:
n

dn(ao ® - ® apy1) = Z (-1)'ag® -+ ® ajaj41 ®@ - @ ant1
i=0

for all ag,--- ,an+1 € A. This is a complex.
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The Bar resolution

The bar sequence has a contracting homotopy s, : A2("2) _, A®(n+3).

sn(a0® - ®apt1) =1®ag ® -+ ® apt1
for all ag,--- ,ant1 € A.

Definition

Let A be a k algebra. We define the bar complex of A as the truncated
complex:

B(A): - 25 A B A% D5 Ag A — 0

and write B,(A) = A®("+2) for n € N.
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Hochschild cohomology (1)

Let M be a left A module, consider the complex Hom4e(B(A), M):

df d; d3
0 — Homye(A®A, M) — Homae (A®3, M) = Hompe(A®4, M) = ...

Definition
The Hochschild cohomology of A with coefficients in a left A module M
is the cohomology of Home(B(A), M), equivalently:

HH"(A, M) = H"(Hom e (A®*, M)) = Kex(d], ;)/Im(d)

for n € N.

This construction reminds of derived functors, particularly Ext.
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Hochschild cohomology (and II)

Let M be a left A* module and consider k C A€ as a subring. Then:

HH"(A, M) = Ext(s (A, M) for n € N.

In particular when k is a field, HH® is Ext®. In this case A®" = Gaiel ko;
as k modules:

A®(n+2) ~ A A®” (a4 @Ae(l RK1I® Oéi)
i€l

so A®(1+2) are free A€ modules, and the complex is a free resolution.
For this and other technical reasons, from now on we take k to be a field.
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Twisted tensor product algebra

Definition

Let A, B two algebras over k. We say that a bijective k linear map
T:B®A— A® B is a twisting map if 7(lg ® a) = a® 1g and
T(b®1a)=1a® b forallac A b€ B and:

mg®ma

BRBRQXA®A B A T AR B
1®T®1L O TmA@)mB

BOARBRA Y A0 B AB Y X AgAxBeB

Definition

Under this condition, the twisted tensor product algebra A ®, B is the
vector space A ® B with multiplication:

m: (A2 B)®(A®B) L A0 A® B B2 Ax B
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Bimodule compatible with the twisting (1)

Definition
We say that an A bimodule M, whose bimodule structure is given by

paA® M® A — M, is compatible with 7 if there exist a bijective k
linear map 7 0 : B®@ M — M ® B such that:

© 7, is well behaved with respect to the algebra structure of B,

@ the module structure of M is well behaved (via 75 ) with respect to
the algebra structure of B and the twisting map 7.

v

We analogously define how a B bimodule N is compatible with 7 via 7y a.
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Bimodule compatible with the twisting (and Il)

BoBoM-—" BoMoB " MoB®B
mp®1 1®mg
B® M B M B
1®pa pAR®L
BoARM® A A M®A® B
TRIR1 1®1RT
ARBRM® A e e AM®B® A
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Twisted bimodule structure of the tensor product

If M and N are A and B bimodules via ps and pg compatible with 7 via
T8,m and Ty 4 respectively, then:

PARB

(A®; B)® (M® N)® (A®, B) Mo N
1®T&M@WMA®1l @) TPA@PB
AM@BRAN® B M o Mo Ao Bo N® B

defines a natural structure of A®, B bimodule over M ® N via pag.5.
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Compatibility of resolutions (1)

Let Po(M) be an A® projective resolution of M and P,(N) a B¢ projective
resolution of N:

coro— Py(M) — Pi(M) — Poy(M) — M — 0,
oo — Py(N) — P1(N) — Po(N) — N — 0.

Consider the complexes Po(N) @ A, AR Po(N), Po(M) @ B, B® Ps(M).
As exact sequences of vector spaces any k linear maps:

TN’AZN®A—>A®N and TB’MZB®M—>M®B
can be lifted to k linear chain maps:
TP (N),A : P.(N)@A — A®P.(N), TB, Py (M) : B@P.(M) — P.(M)@B,

denoted by Ti,A *= TP,(N),A and TB,i = TB,P;(M)-
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Compatibility of resolutions (and I1)

Definition

Given M an A bimodule that is compatible with 7, we say that a projective
A¢ resolution P,(M) is compatible with T if each P;(M) is compatible
with 7 via a map 7 : B® Pj(M) — Pj(M) ® B such that 75, is a
chain map lifting 75 .

Given N a B bimodule compatible with 7, we can analogously define how
a projective B¢ resolution P,(N) is compatible with 7 via 7, A.
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© Compatibility of the bar resolution
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The bar resolution is compatible with the twisting

Proposition

Let 7 be a twisting map for the algebras A and B. Then B(A) and B(B),
the bar resolutions of A and B respectively, are compatible with 7.

We need to say via which maps.

Definition

For each n € N define the maps 75, : B®@ B,(A) — B,(A)® B
recursively: 7o :=1®707®1, 78, =1®T7078,-1® 1.

Notice that equivalently 75 , satisfies:
T80 =1®707®1, 718, =1®7Bp_107TX L.

We define analogously 7, a.
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Proof.

Both A and B satisfy the prerequisites of compatibility necessary to ask
whether B(A) and B(B) may be compatible with 7.

To see that B(A) is compatible with 7 we need that for all n € N:

© Commutativity with the product in B:

TBnomMp®1=10mpoTg,®101®18,.
@ Commutativity with the bimodule structure:
T8n01®pan=pan®101®1®7T01®TB,®10TR1®1.
© Lifting to a chain map:
TBnt1°1®dy = dy ®1o7g 410

The second part of the statement follows analogously.
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Technical requirements

Let 7 be a twisting map for the algebras A and B. Then A and B, seen as
an A® module and a B€ module respectively, are compatible with 7 via 7.

Lemma

Then the maps 7, satisfy:

B  A®(n+2) Bun A®(1+2) o B

1®1n®mAL ®) l1n®mA®1

B® A®(n+1) . A®(n+1) QB

TB,n—1

The maps 7, 4 satisfy the analogous diagram.
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Sketch of the technique(s) (I)

®

B® B ® A®(+2) l) B® A®(+2) o B

1Q1®7E A
1®"'B,n71®

B A% o Bg A

TB,n®1

A®(n+2) ® B ® B

TB,n—1®1
1®TBM4®1

TB,n71®1®1
mg®1 A®(n+1) QB®B® AIMAA@)(MA) QBRA® B 1®mg
1®mg®1

A% o B @ A

1®7g,A
TB,n—1®1
TB,n

B ® A®(n+2)

A®(n+2) ® B

Uses induction, the definition of 7g ,, and that in some subdiagrams the
functions do not interfere.
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Sketch of the technique(s) (and Il)

Since d, = ma®1—1® d,_1 we can decompose some diagrams in a sum:

1@ma®1,

B ® A®(n+2) B @ A®(n+1)
w TB,n%
TB,n AR+ & B o A W- A®" 9 B® A TB,n—1
ma
1T 1T
mp®1
A8(1+2) g g AB(H) o g
+1R1®d,_1
B ® A®(n+2) B @ A®(n+1)
T®1 T®1
TB,n A®(-1) o B g @W i4®("*2) RB®A TB,n—1
n—
+1Rd,_1®1
A®(n+2) ® B A®(n+1) ® B
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e Consequences and applications
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Computing the Gerstenhaber bracket (1)

The Hochschild cohomology of a k algebra A with coefficients in A:

HH*(A, A) = P HH"(A, M) = @5 Ext}2. (A, M)
neN neN

has an associative graded commutative cup product:
—: HH™(A, A) x HH"(A, A) — HH™T"(A, A)
intimately related with a Gerstenhaber bracket:
[—, ] : HH™(A, A) x HH"(A, A) — HH™ 1A, A)

making HH*(A, A) into a graded Lie algebra.

Computing this bracket provides insightful information about A, albeit
being hard. Techniques for doing so are hence useful.
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Computing the Gerstenhaber bracket (1)

Grimley, Nguyen, and Witherspoon treated the case of twists arising from:
t:A®z B — k*

a homomorphism of abelian groups, where the twisted tensor product
R ®' S has multiplication induced by t on the middle elements of the k
vector space RIS® R® S.

They computed brackets for the quantum complete intersections:

k<x,y>/(x2,y2,xy + qyx) for some g € k*.
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Computing the Gerstenhaber bracket (and Il1)

Computational applications:

We extended results from Grimley, Nguyen, and Witherspoon, showing
how to compute it from some compatible resolutions.

We then applied some of these techniques to compute the bracket for:
k<X7y>/(Xy —yxX = y2)a

the Jordan plane.
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Isomorphisms of Hochschild cohomology (1)

It is possible (under some finiteness assumptions) to understand the
(co)homology theory of a tensor product in terms of the (co)homology of
the original factors:

Theorem (Le-Zhou)

There is an isomorphism of Gerstenhaber algebras:

HH*(A® B) = HH*(A) ® HH*(B).

Grimley, Nguyen, and Witherspoon generalized that to:
HH*A®B'(R @t §) = HH**'(R) @ HH*B'(B).

Our methods re-prove the result by Le-Zhou using more transparent
techniques.
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Isomorphisms of Hochschild cohomology (and I)

It may be possible to use our methods to generalize those results. Does it
make sense (i.e. is it defined) to take HH*(A) ®, HH*(B)? Under which
hypothesis?

Is there an isomorphism:

HH*(A®, B) = HH*(A) . HH*(B)?

As (graded) k modules? As (graded) algebras? As Gerstenhaber algebras?
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Something to take home

@ Visualization of equations through diagrams enable sound logical
reasoning and lets us understand what is happening.

@ Hochschild cohomology of individual algebras can be used to obtain
Hochschild cohomology of tensor products of algebras.

@ In non commutative algebra the usual tensor product takes the form
of a twisted tensor product. Understanding it is useful.

Pablo S. Ocal (TAMU) Twisted tensor products and cohomology June 2, 2019 32/33



Thank you!
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