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Motivation

Consider A and B two algebras over k a field. It was proven by Le and
Zhou in |3] that, when considered with the correct structures, we have:

HH*(A® B)= HH (A)® HH"(B)
as Gerstenhaber algebras. Notice that this involves both understanding

the natural Gerstenhaber algebra structure on H H*(A ® B) as well as
providing a suitable structure to HH*(A) ® HH*(B).

We want to understand HH*(A ®, B) in terms of HH*(A) and

HH*(B). More specifically, given a resolution of A as A module,
and a resolution of B as B® module, we compute a resolution of

A ®; B as (A®,; B)¢ module.

Setup [1] [2] [4]

Let A, B two algebras over k. We say that a bijective k£ linear map
T:B®A — A® B is a twisting map if 7(13 ® a) = a ® 15 and
TR 1) =14Rbforalla € A, b € B and:
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under this condition, the twisted tensor product algebra A ®, B is the
vector space A ® B with multiplication:

m.: (A9 B)®@ (A2 B)'“S A9 A9 B B"™X" A B.

We say that an A bimodule M, whose bimodule structure is given by
oa: AR M ® A — M. is compatible with 7 if there exist a bijective
k linear map 7p 3 : B Q@ M — M ® B such that:

® 7 s 1s well behaved with respect to the algebra structure of B,

@7 is well behaved with respect to p4 the module structure of M
via the twisting map 7.

Analogously, a B bimodule /N can be compatible with 7 via 7y 4.
Given M and N bimodules over A and B via p4 and pp compatible
with 7 via 75 ) and 7y 4 respectively, then M ® N has a natural
bimodule structure over A ®, B given by:

,0A®TB:(,0A®/OB)O(1®1®T®1®1)O<1®TB,M®TN,A®1)-

Texas A&M University

Compatibility of resolutions

Given M an A bimodule that is compatible with 7, we say that a
projective A® resolution Py(M) is compatible with 7 if each P;(M) is
compatible with 7 via a map 75, : B ® Pi(M) — P,(M) ® B such
that 7p e 1s a chain map lifting 75 /.

Given N a B bimodule compatible with 7, we can analogously define
how a projective B resolution Py(N) is compatible with 7 via T, 4.

Proposition [4]

Let 7 be a twisting map for A and B. Then B(A) and B(B), the
bar resolutions of A and B respectively, are compatible with 7.

Technique(s)

We need to define the maps guaranteeing compatibility. For eachn € N
define the maps 75, : B ® B,(A) — B, (A) ® B recursively: 15 =
l®@T07®1, 7By, = 1@ 7T 07B,-1 ®1. We define analogously 7, 4.
For both A and B to satisty the prerequisites of compatibility necessary
to ask whether B(A) and B(B) may be compatible with 7, we focus on
compatibility with the module structure:
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the top right and bottom diagrams are commutative by compatibility
with the algebra structure, and the left square is commutative because
the functions are acting in terms of the tensor product that do not
interfere with each other. We proceed analogously for B.

To see that B(A) is compatible with 7 we need that for all n € N:

® Commutativity with the product in B:
TBpnomp®l=18mpoTp, ®1lol& 1B,
© Commutativity with the bimodule structure:
TBnOl @ pan=pan®1lol@®1 7017, ®loT®1&K 1.
@ Lifting to a chain map:
TBnt101 & dy, =d, ®10Tp 0.

The second part of the statement follows analogously.

Key idea(s)

We can see the Koszul resolution as lying entirely inside the bar reso-
lution, and these techniques over diagrams still apply to it.

In fact, we can use these techniques to generalize a result (for graded
algebras) in |2| that gives an explicit formula for the Gerstenhaber
bracket of HH*(R®"'S) in terms of elements in H H*(R) and HH*(S),

as long as we work over the bar or the Koszul resolutions.

Proposition

Resolving A and B via the bar or the Koszul resolutions, we can
explicitly compute the Gerstenhaber bracket of H H*(A ®, B) in
terms of elements in HH*(A) and HH*(B).

Applications [2] [5]

- Truncated algebras: for some q € k*, k (x,y) /(z*, v, xy + qyz).

- Jordan plane: k(x,y) /(zy — yz — y°).
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