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OVERVIEW

. PREPRINT on arXiv AT 2405, 19524

. MAIN  CONTRIBUTION - " wwen DPoks CHANGE
oF ENRICHING BASE CATEGORY MWTER =
ACT  NICELY  WITH  ENRICHED COVERAGES T
WHAT ABOUT  ENRICUED SHEAFIFCATION? ”

A. WHEN  BASE CHANGE /s FFFRECTEP
gy A FAUTHFUL, ConsERvATIVE
RIGHT MONOIDAL ABJOIVT.



OVERVIEW

’ .
OkAY, WHAT's BASE CHANGE, WHAT'S 4 CoVEUL,

ANDP WHAT Do MHEY wave To PO WITH

SPECTRAT



OVERVIEW

IE Yyou'RE W THIs ROOM, you'VE PROBABLY
WORKED WITH ENRZICHED CATEGoRIES: CAT 'S
WHOSE Homs HAVE morE GEA=RA STRUCTWIE

THAN THAT OF A SET.

ENRICHED FUNMCTORS / NATURAL  TRANS ECORUATIONS
RESPECT THIS &£XTr4 STRICTTRE,



OVERVIEW

e-gy AVY IS BuR-

jewgp  ovee  Ab ( A FonwTion;, S© 5

ANY  APDITIVE O AMY ABELIAy CAT. )

e.ﬁ. ) A Is AN Ab - CATEGORY WITH
RING  HomomonPHISM s AN

oMF  OBJELT; A
Ab - Fyn CToR
(ewe k) s 4 I”og/k—

e84 A
wWITH OMNF  OBJECT

CATEGORY

ETC- .-



OVERVIEW

DIFFENENT CLASS OF EXAmpULE :

THE MONOIPAL PrECRIER

@_8,, ENRICH OVER
GET A LAwWvERE

(0,1, 2, +,0) T

meTRIC  SPACE. (eicompassEs B

e SPACES D
ee TO OOWMPOSE
dieagd ¢ lo,*] 2 dlz,u) o & reows’s
1,2) »° [ » 4pp
&y d( \$.4{‘l:5) w [o,-h]

4(7,3) q
d(3,4)

3

A [oe]-FoneToR RETWEEN SUCH s A
4 - LIPSCHITZ FvauCTION -



OVERVIEW

GROTHENDIECK TOPOLOG/ES AND COVERACGES
ARE WAYs 7o ENDOW GCaEANET) CATEGOR/ES

(noT wosT OUx) om XeTop) W/ A

NOTION  OF P wHICH O0BIELTS CovER WHICH.”

THIS 15 SO KE CAan

DEF/NVE SHEAVES ON

CATEGORIES.



OVERVIEW

THERE ARE ENR/ICHED ANALOGUES orF
TOPOLOGIES | COVERAGES, AMD SwEAVES

Fon. INRICHED —CATEGR/ES.

CLASSICAL ~ CASES (s TEXTBODI ACCOUNTS
NASTASESCU) WHEN

gy STENSTRGM,
over HAb R

ENRICHMENT /S TAKEWY
ngoJk )



OVERVIEW

Ab- TOPOLOGY W A NG A s
THING A4S A 643/2154

p&
ov R,

e-8- AN
THE SAME
LOCAL IZN G SysTt=uUu OF v pFALS

Ay Ab -sHEAF ov R wje/T sSuvcH s

HE (OABRIEL  LoCALizaTtion OF R.

(MOnE oN  THIS LATER)



NOTATION

(U, @) *u) AND (V)@, *9) A &
ALWAYS SYMMETRIC MONOIDAL CLOSE P

ANVD LocAaLy ssmatL .

g 15 ALwAYS AN ESSENTIALY
cware V- ooricHEp cAT. (Y-caT.D



OVERVIEW
Epom A CATEGORY - THEDRETIC PERSPECTIVE |
carories oF swiAvES  ((ie, TOPOSEE!)

ARE YERY NICE )

€.g., CArtxsian CloskED,
BicomplEts ,  ETC...

so TwE FoLtowmwg - THEOREM /S
SUFFICIEST — MmoTNATION — FOR - mE 72

cane ABovT CoVEIAGLS :



OVERVIEW

mroezst 0
THERE  ARE BIVECTIVE  CORRES PONDENCES

5 rweicHED MROLOGIES oM €3
—>
5 bwrveEr=AL CLosorE OPERATIONS Ou) [Z";’;{)‘}
—
SrErLEETIVE V- SUBCATE  OF re%»j3



oVERVIEW

IN  THE CASE V=Ab, od 4 rwg , THE
avaoere  O0F (0)  READS :

THEOQREAL
THERE ARE  BIJELTIVE CORLES PONZAIICES
§ GABRIEL TBPOLOGIES OW o 3

&—>

5 wenesirany Tsiow wEREs s A 3
—>

JieFT EXACT RADICALS OF Mod y 3



oVERVIEW

so sTupIING  Ab - TOPOLOGIES oN

d “I1s" swoyng HERED ITARY
Jonsiov  mEomres o o

STUDYING THE EWRICHED
[e™ ] “K* sSTVEYYE

AND
CAIE GonY

"/uad - t.ll



OVERVIEW

THIOKING ©OF 2 5 VYV As Two DIFFERENT

OF STRUCTURE THE Homs
nwe CAn CHAN &E

TYPES i
€ MIGHT HAVE,
e Base or & A A Mevomu
FuaCToR- e:y—u«, &7 wive

4 U- crEeoey G E -



OVERVIEW

e, IF Y = Ab (v FACT, 1F Y s
Avy CONCRETE CATEG a:ay) , e HAS
AN UNDERLYING categoey &, , oBTAmED

By BASE owanNeE V1A

G-+ //MAb[Z’——):AB — Set



OVERVIEW

S0, E RESULTS TO  fouow ALDRIESS

How "EWRICHED  SHEAF THEDSZY " JNTEYUCTS

W rTH Bast  CHANGK .



OVERVIEW

WE JUST SAW A BuncH OF RESLLTS

OBSTRUCTING EXTENSION OF FUNCTOR (4L
SPECTRA 70 CAT's OF  NONCOMMYTATIVE

ALGEBRAS.



OVERVIEW

DREAM SCENARIp o  CIRCUMVENT  THESE

THE
Is FropivGg 4 SYMMETRIC MONOIPAL
AT wo A CombTiNG DIAG AM

Conm Rng”’ _’—-> Set

/ .

g/’)gof



OVERVIEW

How T0 TEW 1F A GIvEw CANDIDATE
Y e IS THE RIGHT MET



OVERVIEW

V, WERE SHoulD BE

For SUCH A
GIvEA ¢

Y- ENRICHED — COVERAGES ON 4
WHICH bow'rt  AR/ISE Fromy Sel - WUHED

F wWE CHANGE BASE

OAES * re.,
wE SHove> HAVE

mom Set —> VY,

AN INJECTION

ZSet - COVERAGES f <> ;y- CovERAGES § N



A

PROBLEM s A PLEA

BuT WE HAVEN'T  fFovwnp , vET.

| HAvenw'T BEEv 48 To COMNE vP

WITH MANY  CONCRETE APPLICATIONS O
THESE
RESVLTE  THAT Aen’r  THE

HY POTHETICAL o / PESCRIBED .



A PrROBLEM s A PLEA

JoURNAL EPITORS pow'r LikE THAT!

so 1'm Vveny NTERESTED W HEARING
ABOVT  LITERALY  ANY |pEAs  yoU ALL
MIGHT HA VE For wwAT TO PO wiTH

7 IS  STUFKE



NOW, THE DETAILS .,



Y- Ened

CHED CATEGORIES

REMINDER. A V- CATEGORY C 15 a4

COLLECT

o 0F OBJELTS WITH, Vegz € Ob(B),

. A~ osueer Clxg) € v

A DbIs TINGUISHEDP MERPHISYN

i dy —= EC> €Y

. 4 mompHISM
Oppe Es2) ® Clxy) —> C(xe)

WHICH AnNE ASsSOC I1ATIVE AND QNI TAL .



Y - ENRICHED CATEGORIES

REMINDER. A P- FunCror H:-C—> D

pErusEw V- (4 EGORIES /S AN
4sS1GVMBOT ® —> A on OB JECTS
anp , Eom  FACH rae xy € Ob ey,

A4 MorPHISM]
R'xa_ flxlé) _—>'D(ﬂ’9%{) € y

saTISFYING "OBUIOUS " CommuTiVG
piA@MMs.



Y - ENRICHED CATEGORIES

REMINDER. y-Cat 15 A 2- CATEGORY.



Y - ENRICHED CATECGORIES

ALREADY HEARD ABOUT  EXAMPLES  WITH
TwoO MoRE:

Y= Ab, JYMM’&) [o,02] .

. Y= 5013 : A Y-carEeoey s

A PrEORPENEP SET;

o V= (Cat - A V-curegomy IS
4 stnicTr 2- CATEGORY.



Y - ENRICHED CATEGORIES

WE'LL oMLY CONSIDER KURICHMWEUT OvER
u, Y WHICH ARE

4. LOCALLY FINITELY FRESENTABLE:

kvery OBJECT IS A FILTEREP
(xeob YV Is

D) PrRESERVES

cou/mir

OF CompACT OBJECTS:
COMPACT  IE Hom 1, (%, =
FILTERED a:uMl'r'.s.)
e.3, Cpt(Set) = FinSet |
Cpt (46) = /. p- ABELimy GePs, ...



Y - ENRICHED CATECLORIES

WE'LL ONLY CONSIDER EWRICHMWRUT OvER
U,y wricx AnE

1. LOCALLY FINITELY FRESENTABLE:

WANT COMPACTS ToO CHUSMATE v
UNDER ~COLIMITS so wn&E Cav SPEAK
SENsIBLY OF '"EEMENTS 4

oF Elx,y) € V- (voTE ¥y

MAY NoT BE A rs1meE POINT W GrETAl.)



Y - ENRICHED CATECLORIES

WE'LL ONLY CONSIDER EWRICHMWRUT OvER
U,y wricx ARE
1. LOCALLY FINITELY FRESENTABLE:

DENOTE THWE SET OF (omPACT
&lusnATons oF Y BY j‘,-



Y - ENRICHED CATEGORIES

WE'LL ONLY CONSIDER EWRICHMWRUT OvER
U,y wricx AnE

1. LOCALLY FINITELY FRESENTABLE:

FACT.  Aay  LFP  CATEgo”Y IS

COCOMPLETE  ANP QHELL — PORERED

( Sub(x) 1s AwAYs 4 Sanie SET. D



Y - ENRICHED CATEGORIES

WE'LL ONLY CONSIDER EWRICHMWRUT OvER
U,V wHicH ARE

2. FINITELY COMPLETE .

LATER, wnL APD:

3. BARL - REGULAR.  (anP  ExPLAIv

way !)



Y - ENRICHED CATECLORIES

e cae A Sol(mlf'lm Cat saTisFyivg

@ AND C‘z) A COsSmos .

e'a') ‘S.eéi Ab/ Madﬁ) 3'Modﬂ ) caé; 2".'?

BUT  SAPLY, dot L—D, ©]: For  PosETs,

LEP <> AGEBRAIC LATTICE , AMP 1T’s  wor

ALGE BrAlIC. MANY CONSTRVCTIONS BElOW

sy wonk fFoe Lo,e], S° I KEEP
T anovwp!



BASE CRANGE

WE NEED SPAME TECHDICA L
PETAILS  ON BASE
CHANGZ, To0-

ANY  MONOIDAL FUNCTOR
G: Y — %

Iyp VCES A 2-Fuvny(CToR-

Gy : VGt — U-Cat

CAULED CHANGE OF BASE -



BASE CHANGE

G € 15 4 Y- ATEGomy W TH NS
6,208 = G(Cl,y)) .

IF R:¢ —D s 4 V- FONCTOR. WITH

KFFECT R, XOuy) —> D (e 2y) €V,
Gq-R- s A4 U- FunCToR

Gmt e C?\.hb

WITH —EFFECT GR xy c U.



BASE CHANGE

Bewg A 2-FuNCTOR, Gy ALSO

AFFECTS V- WATOAL — THANSFERMMTIONS

por IT ~woub pur Yov 70 SLEEP.



BASE CHANGE

wg'lL  ALWAYS  TAKE GV — U

TO BE
;. LAx MONOIDAL
iF.  FAITHFOL
it. ConseERVATIVE

A Mowno/IDAL RIGHT AD JoINT

LN
y “+_ V.

G

.



BASE CRANGE

pact.  (Kewy, 1979)
monoI PAL  LEET ADIOINTS — ARE

STRONG MoNOIDAL -

(ove  woOTATOW : Flxoyy = K6 & Fly)
Vs. Flx) & F(y) —> Fl«®y) - > ’



BASE CRANGE

gxampPLEs!

(1)
. rFon (F: R — S) € comnking

RESTRICTION) OF SCALARS
S* SMod —> AMod

ForeETEUL FonCTorRs Mo (V) — YV

REFLECTIVE SUBCATEGORS INCLUSIONS

. MNERVE Cat L> stet



BASE CRANGE

”“

" ALmosT EXAMPLES

(1)

(@

SomE NESULTS witl s7reL Holp ez
THESE, OTHERS Wow'T.



COVERACGRES: FEIRST PASS

APPLY BAsE CHANGE 70 A

Y - WVERAGE O e.

wHAT 15 A V- COVERAGKE T



COVERAGES: FIRST PASS

pEF. 4 V-CovERAGE oN & 1S
’

YV xe Ob(ed, A FAmy  J6S e Sublel-,9)

GUCH THAT :
(_Tl) Y.’_(—, x) € J[r-)
(T2) VRE J Ave fe I-quv(gy,ﬁ(g.,*)),
e pousack Ry € J(g).



COVERAGES: FIRST PASS

per. 1A y-covenee J on €

“amses  (vxe €)
() R € Sub (t’(-,w)) awp Sedx) s
SUCH THAT VJ) V£e Hom,, ( 3”5(3))
R, e Jpy, TV R € J(~)

Tuky J s causD A TOROLOGY .



COVERAGES: FIRST PASS

e-§> e P IS A4 RG (46- AT
wiTH OAE  OBJECT),  Aw Ab - PRESHEAF

f-‘ﬁa'——’ﬂé /s A HIGHT € - moouLE.

el-,%> s mwE C- mopulE tt/ ,
Avp> A SUBOBJECT R > C(-,*>
/S A4 RIGHT PEAL OF €.



COVERAGES: FIRST PASS

A GABRIEL TOPOLOGY o A

e.a.

e € 54 Famny A

oF RIGHT |PEALS> OF € SUCH  THAT
(r1) €ee &

(rz) V#5ee, red, (T:F)eF



BASE CHANGE FOR PRESHEAVES

so, To APAY BASE CHANGE
Jo A COVERAGE, W& 4¢ AEED
i APPLY IT 70 PRESHEAVES

FIXST.



BASE CHANGE FOR PRESHEAVES

gom. A V- PRESHEAE R:€¥— Y,

. L4
Gy R: G, 7T — G, Y
/s NO T A Z(-PMF s T Loxrsa '7-

TAKE vAdLves v U.

we can Fix THIS



BASE CHAINGE FOR PRESHEAVES

E4 G € Cat CANONICALLY

FACT.
FA
INDUCES AN ADJUNCTION
U u
EY " GV U«
v U-Cat .
PEA)DTE

%],: GV(F"a, b) = 2((4, G”é) .



BASE CHANGE FOR PRESHEAVES

ConNsTRVCTIOX (&)

DEFINE A U- FUNCTOR Gr &

v —> GAx ow oBJIECTS ANE
GR_’:] s ¢ ° (G*K)g

on Hom s.



BASE CHANGE FOR PRESHEAVES

FINAwlY W CAN STATE SoOwE reEsors!
e —_— (%
e Tue G ConsTROCTIon IS FUNCTDRAL
be g
Ctr: [e?v] —> [Gat%, u],

prEserRVEsS  LImMITS,
AND MonEOoVEEL Is FarmiruL AvVD

couscr yaTive IF G s



BASE CHANGE FOR PRESHEAVES

50, WE WNow HAVE A WEUWS DEEINED

MAP é
Momo , (el-1™) > Mowo,, (éf(—,x)).

“
(sesT  BlC G s LiMIT ~ PRESERVING - )

s 17 WELW - DEFINEDP onN 1S OvnORPH 1591

cLassEs  w Mowo, (el-») , THovaH?

swen(R)  vEs, 17 15!
—



BASE CHANGE FOR PRESHEAVES

so, wE HAVE  THE Fouwow'nG For_

P SHEAVES :
Tw} (r) For G FAITHFUL AND
CDMSE/ZVAT'VEJ
A

G ~
Sub (el ——> Sub(GEL)

s INJECTIVE ANDP MONOTONE .



A

" CVTE " APPLICATION

BEFONE MOVING  ON 7o THE MAIL  THEOREU
b

NotE  THAT (2 HAS  Aw  EASY CoROLLARY.
P e¥—Y s A

PERSPECTIVE
onv V.

Y- REPRESENTATION or €

IT HAs FINITE e IF T SATISFIES

oN  SYBOBJECTS .

ACC + PCC
cwauvny. I GPE [6t™, ] Has  porz
e, THEw P e le¥ v] HE iz

LENGTH-



BASE CHANCKE For. COV ERACES

TorninG  To CoVEYAGES ..s' TPOLO GIES
pnE 'D HOPE THAT THE ~ COUECTIavs  OF

AlL SUCH  ARE ComPLETE UATTICES.
1
TiEonen (R gy ARE.
THEON=AZ X
DEVOTE

> (8,V) = &v-ovemess ov 23
T0e v = V- ropnoelEs oW gg



BASE CHANCKE For. COV ERACES

THERE'S  nNow wo  syBTETY N APRYING
TuE &  cowsTevCTiow TB A Y- COUEMEE —

THE  NATVE THING —WORKS:

pROPOSITON.  FOR Je Z(6,Y),
we  nave  Bre S(Gat, %) -



BASE CHANCKE For. COV ERACES

MOREOVER ...
4 (=D
oM T 1" ~
EoRE >

> (g — 7 7 (Ge, )
Is AN JUJECTIVE  LATTICE MORPHI S¥# .



BASE CHANGE For TOPOLOGIES ?

/'m  wvoT suveE/
;s A VEnswu OF @ o P

PROBABLY
pact X PpoES wpUCE A4 oP0LOGY GJ
Givev A4 coveraeE  J

BUT | woulD NEEP A

)
vany CREATIVE NEW METHOP TO RbVE:

Cons ECTZE - —
Ty — T(Gee, 1t)

JUJECTIVE LATTICE MORPHI S .

Is Ay



BASE CHANGE For TOPOLOGIES ?

(vnrorTvNATELY THIS (AST PROBUE
WAs SO HARD  THAT | WASTEE

SEVEMAL MONTHS oFE My Ph.D.

TRYNG o) sovE 1T N STEADP oF

FDING  APPLICATIOVS
resoLT ] AEVEATUELESS,

or THE

COVErACTS



GIRADED ALGEBRAS - A COUNTEREXAMPE

@ Hap F G /s OMLY 4
M2 IT  TVRNS OOT THAT

DOES
RIGHT ADvOl

THE  ANSws2 s wo !

ScAuprs. For kK A FIELD, SET
_ ND RIGHY ADJOINT
Y= JrMoJK ;4 SET BUT N{rrﬂre',
/ FarTHEUL N0
CONS .

G = //,,.,y[k, —): Y — Sei.
( G PiCks OvT THE DEGHEE- D EUSMEVTS
o 4 Gvev Xe Ob(¥).)



GIRADED ALGEBRAS

FACT.  ANY  MULTIPLICATIVELY ClosEp sSET

S ¢ X ©oF HOMOGINEOYS — ELEMAITS

GWVES pisg TP A P-Terol oGy

oN X e J'Alak

77)

HS =ZId X : CI:“)nS #¢
VeeX Homo cuevkovs 3



CIRADED  ALGEBRAS
race  X= kIxgl 5= £x"3, T=3y"%.
HE V- COVERAGES

Hg= LI 94: I Howmog. 5 T T x"eT3

Ho=1I94: I HOMOG. > Tn 5T g"e_’[?

ARe  bisTwer,  BUT swCE GI = Hm, (x,I,),

avp I, = 303 ok Kk ALWAYS,

~

Eug = i)k} = GHr.



GIRADED ALGEBRAS

s0: IF (&)  Hops, & mvsT BE

FAITHFUL  OR CONSERVATIVE .

pETURNING TP THIS PROJECT AFTER MANY

MONTHS s MAKES v WON DER ©



GIRADED ALGEBRAS

OPEN QUESTION - /3 wiRE A  CHARPACTERIZ4-
fioN  OF MONADIC LAY MONCIDAL  pyNCTORS

LR KIMNG W s work SOMEWHENE ?



BASE CHANGE Fok SHEAVES
LAST THING TO NOTE :

AssumiNg YV " gank - REGUAL ", so

[e™ V] /= REGULAL A4S AN UNENRICHED CAT,
uere I1s 4 nvorio OF ENR/ CH ED

FupnEIFICATION ©  PYE TP Quriirtres - BoLCEK.

1L spapE THE DPETAILS o0F THE

CONSTRUCTION ¢ 7S a4 V- ENDOFDNCTOR

5. [e%v] — [ETV].



BASE CHANGE Fox SHEAVES

w  we AcsomE G 15 For, WE

HAVE  THE Fouowig -

e >
Fn. Pe L€ V], G(zzP) = ZZ GP.

A

fiso NoT  suRpe/sNG !



{M_rrs Atl t

THAN)‘s Eon LISTEA /U &/



