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Problem 1.
Let V and W be vector spaces, let T : V → W be a linear function.

(a) Prove that T is injective if and only if T sends linearly independent subsets of V to
linearly independent subsets of W .

(b) Suppose that T is injective and that S is a subset of V . Prove that S is linearly
independent if and only if T (S) is linearly independent.

(c) Suppose β = {v1, . . . , vn} is a basis for V and T is injective and surjective. Prove
that T (β) = {T (v1), . . . , T (vn)} is a basis of W .

Problem 2(⋆).

(a) Prove that the function

T : F[x] −→ F[x]
f(x) 7−→

∫ x

0
f(t)dt

is linear and injective, but not surjective.

(b) Prove that the function

T : F[x] −→ F[x]
f(x) 7−→ d

dx
f(x)

is linear and surjective, but not injective.

Problem 3.
Let F be a field and V = {{ai}i∈N|ai ∈ F and ∃n ∈ N with ai = 0 for all i ≥ n}.
(a) Prove that V is a vector space with {ai}i∈N + {bi}i∈N = {ai + bi}i∈N and c{ai}i∈N =

{cai}i∈N for all {ai}i∈N, {bi}i∈N ∈ V and c ∈ F.
(b) Prove that the function L : V → V given by L({ai}i∈N) = {ai+1}i∈N is linear and

surjective, but not injective.

(c) Prove that the function R : V → V given by R({ai}i∈N) = {ai−1}i∈N, where a−1 = 0
by convention, is linear and injective, but not surjective.

Problem 4(⋆).
Let V and W be finite-dimensional vector spaces and T : V → W be a linear function.

(a) Prove that if dim(V ) < dim(W ), then T cannot be surjective.

(b) Prove that if dim(V ) > dim(W ), then T cannot be injective.

Problem 5.
Let V be a vector space, let T : V → V be a linear function. Given a subset U of V we
say that U is T -invariant if T (U) ⊆ U . Prove that if U1, U2 ⊆ V are T -invariant, then
U1 + U2 is T -invariant.



Problem 6.
Let T : V → V be a linear function. Prove that {0}, V , ker(T ), and im(T ) are all
T -invariant.

Problem 7.
Let T : V → V be a linear function and U a T -invariant subset of V . Define the
restriction of T on U as the function TU : U → U given by TU(u) = T (u) for all u ∈ U .
Prove that TU : U → U is linear.


