Math 115A
Linear Algebra

Discussion for May 23-27, 2022



Problem 1.

(a) Prove that (-,-) is an inner product on R™ if and only if there exists a symmetric
matrix A with strictly positive eigenvalues such that (x,y) = z' Ay for all z,y € R™.
What is A when the inner product over R™ is (x,y) = « - y, the usual dot product
of the vectors x and y?

(b) Let A € M,,x,,(C), we say that M is self-adjoint when M* = M. Prove that (-, -)
is an inner product on C" if and only if there exists a self-adjoint matrix A with
strictly positive eigenvalues such that (z,y) = 7' Ay for all z,y € C™.

Problem 2.
a) Prove that ||(x1,..., x, = (lx1|P+ -+ |z, [P)P for 1 < p < 0o is a norm on R™.
( ) ) ) p b
(b) Is |[(x1, ..., zn)llp = (J&a P + -+ + |z, [P)}/P for 0 < p < 1 a norm on R™?

(c) Prove that ||(z1,...,2n)||cc = max{|zy|,...,|z,|} is a norm on R™.

Problem 3(x).
Let V be an inner product space, let W be a finite dimensional subspace of V. Prove
that if z ¢ W then there exists y € W with (x,y) # 0.

Problem 4.
Let V be a finite dimensional inner product space, let W be a subspace of V. Prove that
V/W is isomorphic to W=,

Problem 5.
Let V be an inner product space, and suppose that u,v € V are orthogonal. Prove that
l|lu + v||* = ||u||* + ||v||*. Deduce the Pythagorean theorem in R2.

Problem 6.
Let V' be an inner product space over F, let {vy,...,v;} be an orthogonal set in V| let
ai,...,a; € F. Prove that || 30 a;0])? = S0, Jag|?[|vs]).

Problem 7.
Let V' be an inner product space over F, let T : V' — V be a projection. We say that T'
is an orthogonal projection whenever im(T)* = ker(T).

(a) Prove that if T € £(V) is an orthogonal projection then ker(7)* = im(T).

(b) Prove that if P € £(V) is such that P? = P and ||P(v)|| < ||v|| for all v € V, then
P is an orthogonal projection.



