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H finite

p group acting on I finite
Io C I fixed points Show that I Ed

und p
Lemma II 5.1 Hungerford

Lt tx En't be representative of the orbits d

the aetion HAI with size over 1 Then

III Iol t l Il t 1 71

By the Order Stabilizer theorem Itil LH Hx 1

sine H is
p group all subgroups

have order divisible

by p fo III idol III t III is

divisible by p so I Il IID to mod
p

b Prove Second Sylow Theorem



Day two Sylow p subgroups are conjugate

Let this be two Sylow p signup HA GYP 4
I

translation

The numberof cowls I Elp l If P which is relatively

prime top Then pH 1 1 so I Iol 0 by

part a This mean that a coset AP E Kp is

fixed Llap AP for all he H Thus

1
et h apt i'lap P which mean ether EP

for all LEH So a Ha P so since

Iii Hal IHI IPL we have a Ha P

Fi Fe f d G extension fields of K with

Fick i 42 Show Fitz is Galois wer k



Hungerford I 1.11 Finite dimsoral extensions are

finite generated and algebraic

So Filk Elk are fg and algebraic

Also Galois and also f d over K so Hungerford I 3.11

and following remark implies that there exist polynomials

Lexi fix C kid with irreducible factors meh that

F I are the splitting fields of fix fix respectively

Thus F E is the splitting field of the least common

multiple of fun fun So by Hungerford I sit we

have that F Fr is Galois wer k

R www
rig satisfying the descending

chain condition

Showthat every prime ideal in R is maximal



We workwith Rfl Tick look at for Ppine

We want to use that P waximaliff Ryo field

We know thatPyrive if Ep domain

Red An ideal IC Ep isof the form Trp for

some ideal JCR So this means that Pyp
also

maybe be moresatisfies the descending chain condition explicit with details
here

Take an element x cEp we want I c Ep Consider

x 2 x 2 x t Z xn Z is a descending
chain in ftp

It must stabilite there is some i with Kil xi for

all ji In particular xi xit so there is yet
such that Xi yxit since P prime Ip is domain so

we can cancel I X and I X so I y E Kp



Jamwyho

H G
group

A B E G abelian Prove AND I AUB

Thought process An B should be commutative inside LAUB
So if we see AnB E 2 AuB E AUB we are

done
Let x e An B yes

AUB we want gx xg
Write

g
a b anSu with ai EA bi e B Now

gx
a bi anbu X a b an bu

a Xb anbu X a bi anbu
Xg

because X E A B both abelian Then AND C 2 SAUD

so AND I AUB

H G finite
joy not cyclic

A prime order not for p prime

with every proper subgroup abelian Prove C contains a

nontrivial proper normal subgroup



Since 1Gt is not prime by the Sylow Theorems we have a

bunch of propernontrivial subgroupsof G all of them are abelian

because we are told a Since G is finite there is a
pryer

nontrivial
subgroup that is maximal with respect to inclusion H

Look at Ig H since It is maximal and H c NgCH we

have NgCHI H or NgCHI t If NglHI G then

H E G and we are done We are left with the case NglHI H

In particular It Nutt IG HT III are the conjugates

of H Take It a
conjugateof H it must also bemaximal

Ic M then I gHj so H ggHj'g

gIgE gMg
NT contradiction with Humximal

If Hatt let them Hutt E by waximality of



H t and
by Cal we have Sel t Hatt e CHUI G

What remains is HnTT tell This mustbe the case for all

conjugates f H otherwise we are in the previous case

The numberof ironidentity elements in some conjugateof H is

if IH H IH Iff
Now since IHl 2 because H nontrivial we have

Lah E l H 1 L I GI I

So there is some nontrivial E G that is not contained in
any

conjugateof H Thus ex is a proper nontrivial subgroupof G

so it is contained in some maximal uouhiw.nl proper subgroup
k

that is wet conjugate to H We can assume by doing the

same argument for H that the intersection of k with



any of its conjugate E is trivial Kr I het

We now have two options tn I hey or In Ethel

If Fink Sel then we must have

let IH 1 t IH 31 IGI contradiction

numberof ironidentity numberof ironidentity elements

elements in some
in some conjugateof K

conjugateof H

Finally we fond TIE some conjugate A H K that are

maximal so HIE G and different and FhEthel so

tht is a nontrivial
proper subgroup By part ca we have

THE echoes G

IH 45 prove G abelian

I b l 45 9.5 32.5



By Sylow 3 we have us L 3,9 so u5 1 so it iswhat
H

and such
wdgrup is 745 1 and uz I s it a wood and

K

such
subgroup is or 7

Any non identity element in H or K have coprime orders so

Hnk set Now IHH 45 since H K t we have

Hk H x k E G so Hxk G

Thus G x 7 or G 7 x 751

both belian

R integral
domain Noetherian Pwm that if every two

or to in have a common divisor Xatyb X y ER

then R is a i ID

Since this Noetherian
every

ideal is finitelygenerated
HungerfordVIIII



So it suffices to prove that if I C R is an idealgeneratedby u elements

then I is principal i e generatedby one element Do induction

Good

Suppose hypothesis timefor n 1 if an ideal can begenerated
by n i elements or fewer then it is principal

I Suppose I ai au an element x c I can be written

daff Fas au r taking a.az

Waring I
fan faut f Cr

au Fcs
w

is dangerous to do Cai au D dl

as X r a t Frau r a t f au ft Kau
i

1 Note wht if a o
l

a

1 X E d au s
l p

claim
By hypothesis if a to then a and an have a

I

1
common divisor call it f u a Wan for some u WER

Compare s with a au we want 1st attCau

This doerud work argeneral an we need



Rink ai au att Hau but for
this

proving just a I is notgoodenough
we also need427

Here
proving

d Haul Csl isgoodenoughfor a
solution

Reducing u tout This does not require
topwn u 2

u I Cab We know that a b to so theyhave

a common divisor r xatyb The claim is

r Cab clearly r C a b so Cr E aib Now

this is hardwithout explicitform

since r a and rfb we have a b eCr

S act Suan E r ay au and
any
element

in Cr az au is in Cai au

Prum that 1 4 1 is inducibleover Q

By Gauri Lemma if it is irreducible over 2 it will be irreducible



over on How to proceed

1 Show that it dooret have a root
Hence if it decomposer if wut be as a unttiplication d
polynomials of degree 2

2 Suppose it decomposer as a unttiplication d polynomials of
degree 2 Find contradiction by multiplying out

Alternatively

RIK A polynomial is reducible over 2 implies that it is
reducible over for all p prime

So if a polynomial is irreducibleover for some p
prime

then it is irreducible over 2

Look at
p
3 and proceed as before

fact x 6 3 over a t its splittingfield

ca pure fan irreducible
Roofs offuel

Eisenstein's by p 3 ri ra n Ry Rs



Cbl Prom Golf HQ E Ss

Elements of the Galois
group

mist permute rootsof fan

five F is the splitting field of fact it isgenerated by all

the roots of fan Not that any two x.pe ball1704me

creamy
suet that Ari p ri for all i I 5 are equal

for Tn

injectivity Associate each root ri to a letter we have 5 of them

each element of Golf HQ permits them since they are

determined
by their notion on the roots the map

to
Gall HQ S5
L 4cL permuting k r 5 as

roots r F

This 4 is an injection

14 Prove that G contains a 5 cycle



Lef r be a root of fan Then since f is irreducibleofdegree
5 we have QIN QI 5 Since Flo is Galois we

have 1Gt EF Q EF QED QE Q so 5 161

Then we must have an elementof order 5 by Candy's

Theorem five G ES5 the only elements of 5 with

order 5 are the 5 cycles we musthave that G hav

en 5 cycle

d Prove that G contains
a transposition

Hifi fix how exactly 3 real roots so fan her exactly 2
complex non real roots

Two of the roots are then of the form a Iib withbto

Then complex conjugation is an F automorphism fixing Q



Real roots ri ra B
complex

F
t F

r i r F

re re I
r t r Ohara.rs atib

at b i a ib I
a is atib

T
E F E E Q E F E Q

So complex conjugation is
Roots

Mn
transposition in G E Sg d P V SW

K Lx Nx pyx8 x S

1
F x Mx H

I
Q

et Determine C

Claim G Efg Because G has a 5 cycle and a transposition



Rink One of the equivalent ways ofgenerating Su is

having an n cycle and a transposition

Let r be our 5 cycle the transposition There is
11
i i c

some
powerof a that sends any a to b for a belt ist

o a azagay as

o a as ag azan

03 a aye agag
04 orcasayayaz
ons id

We
may then assume that G contains a 5 cycle o of the

form of i in is in is Since Ss isgeneratedby transpositions

it afficer to show that f hav all transpositions It is good

enough to show G hour iiic iris is in ie is

by taking cite for all jck

ij ik ijijtillijtiiji.nl like ik in.in liu air



Cijtijn ij ti ij
Well now cijiji.it ri e o ti for E in

Prom Of El is not the splitting fieldof any

polynomial over 0h

We do this by showingthat Fa Q is et normal
and thus by Hungerford I 3 14 it

cannotbethe splittingfield
of any polynomial over Q
We show that the minimal polynomial of E hav ar
non real root

meaning
that a root cannot be in QME

so it cannot split in KE Then by definition
tf IQ is not normal

fact x E x t x i R x ti't
x R x't E x 2

fl't o or use reduction

to

This fan is irreducible4 Eisenstein's rith p L

Their fan is theminimal polywwialof Fa and hav i't a

non real root


