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A B C R wds o A B f c o

prove
that there is an R nod hou j c B

awh that
p j

l c iff there is an R und hom

f B
A soul that g i la

Hungerford II 1.18

Split short exact sequence a sequence
is split whenever

there is a jar above In particular this implies
BE A C or R mods

As long av we are in an abelian category a short exact

sequence splits iff the middle term is a direct sum of
the others Note that R und is an abelian category

Steps

F Show that if smh aj exist then BE Atoc
2 Show that if D Ato c then there is a desired

q



1 The diagram
L Tz

O A A c c o

At tf f lo
o A is B f c o

Now since j e B is with
jp c and i is

injective we have a morphism f A C B

Prove this
or cite j'm t f la e iCal jcc
Hungerford Itis B the Short Five Lemma f B an R iso

Alternatively diagram chase

2 Say f Aac B is R iso The diagram
L Tz

O A A c c o

At tf f lo
o A is B f c o

commutes Define g B A as q T f



Now qical H.fi Cf4iisCaI fIiffuijcai
I

ITU ly a 1AIif Cal a

R www rig with
1 I prime ideal s R I Prove

that f R is local

Hungerford III 4.11 ii

Recall A ring is local
ohmener ithav a uniquemaximal ideal

The idealsof R that are prime are exactly the prime ideals

that are disjoint from S

Let M be a maximal idealof S R Then M is prime

so we can write M IT for some primeideal T E R and

also TEI Hence S T E 5 I and since 5 I t 5 t
T

with IT maximal we must have M 5 T II

I is the unique maximal idealof 5 R



Ayut2os

prove that there are at most four
groups
of order 306 containing an

element of order 9

This is a danification d guys problem We should think about
semidirect products and the like

If I So6 2 9 17 2 5 17

To keep in mind having an elementoforder 9 saysthat G bar a
flow signup 74cal

By the Third SylowTheorem we have ng L34 hip I 18

Since the Sylow H subgroup her primeorder 17 itmustbe 7

The claim is that un t 18 First the intersectionof my gut
andngt34

subgroup and 7 is trivial uncover the intersection f anytwo of

such
subgroups

must alsobe trivial Second
hyper un

18 Hum

the non identity elements are at least 1618 6.34 4927306 1Gl



This means that there is always a unique Glow A or wipe Sylow 3

angry which must be normal

Suppose first unit call it NitO G Giveany Glow 3 signup

Hs then the semidirectproduct NyXf Hz l G where

4 Hs Ant Nia i.e ol 7 7
keep this Since 9416 4 mustbe trivial Hence NaXpHg NyxHs
inmind 7 1

7
1we arewet

let Suppose then u 4 N o G by the sane argument we want foreach

low 17
syrup Hit the semidirect product NsxofHankG so

4 Ha Anthis where 1Anthill is d divisibleby17

must also be trivial hence NztoHit XFa
I have a subgroup N 74 with EENJ 2 so NoG

Therefore for a Sylow 2 signup H2 we have that GEN to th



for some f the AnHN Not that fat barorder 2
211
74cm

and Auto Auk Ya x Kent x
7
6 so n

v v
I 8

i Ct 1 o o

Cii da 0,0 8

Ciii 0 17 140,8

iv of trivial 44 Cocoo

Hence GEN of Hr for at most four f
A E K with Cijl entry aij xx Cx xn define XA to be

x
a xi Xi x Assume xAB XA B

4 Prove thatwhen deltas C4 Iif and k field then mix x
d define an

automorphismof Cte
Question toask whatoperationsshould

we consider on CKY
Note A bar inverse A E K Also Xy is coordinate wise multiplication

Also for elk'T then

mndxyt kxiy.la xn 47 x y xn a
a



xiii am xiy.am xiji

xa't x yi ye xi xinyi yuan

lxi xi xi't x y y yay

inputmay1

Note x
A A XAN x x't t xAIA so mpg is the inverseof

us g adjCA
defeat

I adjCA E 7L

b For arbitrary AEK ma is an endomorphismof U h int c OT

Find and
prove an explicit

formula for the cardinalityof the quotientgroup

VVurCma or a function of the 7 rank of the wool 2 reduction A

wQIHY.stfu.sk By definition the
Notice that U 41 Il x x41 14 rankof B is the

rank of A nod 2

The wool 2 reductionof Aek is
mode med2

at mail Iwud2 mod2



Then deffA med2 detCA nod 2

AB wool2 A nod 2 B nod2

What the problemis aking is to compute 14hr1mall and since H I we

only have to compute Harcourt

MA V 41 14 x x41 it QT so we are looking at

elements u e U smh that my u I Y
MA I 1

Iha El AY Ella Hila l 1

An n E U is a solution u of urgent a D iff it is a

solutionof mymed 2 Int Cl 1 because the only thingthat

matters is whether aij is
odd or even

Hence it sufficeto lookat

MAwed2 U 41 14 x x l l if ax

Nou
magic happens use the Smith factorization of A which says

I



nothing more
enery

AQ A PDQ wher P Q are invertible with detail Ii Det Q and D
reduction

is diagonal Now we can replace the rankof it by the rankof D i e

we can use the rankof D insteadofthe nukeof A since BQ are

invertible Moreover
urgent ma myCup ud and since P Q

are invertible by Cal up we are automorphisms so

Ikerlmall Hartnell

Also D diagonal means D und 2 diagonal and D
d
o d

my n
mid und

so the solutionsto ugly a it is

given by
these u E U 4411 7 41 I met that u 1

whenever dii 1 but ni 11 whenever dii o

Suppose D mod 2 bar in our in the diagonal which is exactly

rankCDmod2 rank A mod 2 Then Iker up L
r



Hmu Haran.it III Er
where r rank A wad 2

k field
a Given ve ti un zero

prove
there is a basis wire K l of K

Note hot is linearly independent five every linearly independentset is

contained in a maximal lineal independent subsetof k But every
Hungerford II 2.4

waximal linearly independent subset of ti is a basisof ki so this
Hungerford II 2.3

maximal timely independent subset contains andhow u elements since

basis of ti have exactly u elements write it tr ru rn's

Assumed ar truth 1 Every ti Hut is contained in a maximal l i
sus

2 Everymaximal I i subsetis a basis
3 Basis of ti homeexactly u elements

b Funerer teh prove that any se ti can bewrittenas A V V with

v V E ti with V invertibleand 0 uppertriangular

This is the Jordan Canionical tour Hungerford VII 4 7 iii



Seeing AE ti m a linear transformation A ti k gnarly

waxtix vector multiplication writing A Vbv means that V is either

considering

the kernel or the cokernel of A depending on whether V isupperor

lower
triangular

Thy Then k I a mate Ae ti is similar to a matrix J
i.e there is an invertiblematrix V get that A_V J V
where J is a direct sum of the elementary Jordan
matrices associated with a unique familyof polynomials of
the form x b n b e k Also J is uniquely determined

exceptforthe orderof the elementary Jordan mention along
it

It tail L
Proof in Hungerford HI4Hii



Ginn R nad A N B B C d and R how f fly.gl x pit with 48
wow morphisms and a commutative

diagram

f
o A B c o exact row

at it rt
o A f B o o exact row

prove
that P is a www.wrphism

Let beB mehthat pal o Sina gp 8g we have

o jpcbl rglbl.TW got o since is www.rphism
Hence i b e Kir g inn ft so there is some aeA such

that flat b Sina fk pf we have
o pal pflat f'deal Now f is www.wryhismbyexaetuenof

the bottom rows so 2cal o Since L n www.rphisu we have

a o So b flat Jo O

fi f EN i p prime q prime power Eg fieldwith f
elements

a If XP x i irreducible in Ep43 thenprove
i lol yP is automorphism of FpEx xI i

ii 49 is the identity amp on FpExYexP x D

til The map 4 if xp Ep x Ix i is an

y yi



n fold iteration of theway

Y Fp I i Ep x Ix i

y yP

If 4 is an automorphism then of V is also an automorphism

Notice that the dreaderisticof Fpc tix i isp
a way

of seeing this is because ftp.xt cxMx i is a fieldextension of

Fp and then the characteristicmust be preserved
Hungerford I 1.6 Hungerford E5.2

This meansthat forall y 2 EEp xp i we have

yz
P YP21 and y z P yP tz

P

This
Bgoodenough

to checkthat 4 is a field homomorphismfirst un

Injetivity comes from beingin a field surjectivity cornerfrombeing

between finitegets So 4 is an automorphism

Ii Since XP x l is zero in Fp xp i we have that i

fix XP x 11 in ftp.xt cxMx i
Also

any aE Fp satisfies AP a Hungerford I E3
4cal a



and thus of a a

Claim satisfies 44 1 x u forall new We saw tune

for u I Dame of Cx Xt Cj it to see the care u j

entice

4 cxi flx cj.it fcxi fcj i1 xtIcjyI

lxtDHj il xtj

So by induction fix x p x This means that 4 fixer

so it unst also fix x7x xp Now hi x x xp I form

a basis ofFp xp an Ep v s Have 44 fixerall

the basis elements We also saw of fixes Ep Hur 441 also

fixer Ep This addsup to 44 fixing Fpc tix i

or desired



b fypose f inducible in Eq43 prove that f divides xIx ifandonly if the

degree of f divides u

I fyq.mg xHx Weknowthat Ifaf is the splittingfieldof ii x
Hungerford I 5.6

we are using that q is a primepower since legal f lFg1 7

so Ff EgI u Take k the splitting fieldoff since

ft x x we have K E Rga Since fir irreducible over ily
we musthave Eg E K Then

u Ign Eq Agt KIK Eq AguKI dyCf
so dycflIn

I Let d dy f In we first show that f divides it x

For this consider Egankf a fieldofgd elements Then XF x

in Fgix f so f divides x7d x
Hungerford I 5.3



Since dfw means

I e I

g I gd a Edt g 2dt g Jdt gdm

which implier gdi divides of 1 We can write

it had 11 9117 4 7 H'I

it I't't t x
F ti

Thisyields that x x Ii divides xfxF c

so f divides xd x which in turn divider xEx

c Prue that X
t
X l is not irreducible in Fuzan for u 2

Assure for a contradiction that x x l is irreducibleover lFyytx3

Then by part Cal the map offy y on hat should be

a field Fury x Ix i is the identity Ten

h7
x wed uEx I that is



Ix o und t
x l that is

47u
x x i divides x

47 x

Then by port b the degreeof x
t
x i divides 47in

This is a contradiction since 47447 u for u 2


