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Exercise 1

Let K be a field, E/K and algebraic extension, R an integral domain with K C R C E.
We want to see that R is a field. Since it is already an integral domain, all the algebraic
axioms from the definition of a field via the relation between their elements follow,
except the one that every non-zero » € R has an inverse. Given r, we will find s € R
with rs = 1.

Since r € R C E, there is an element s € E with rs = 1. Moreover, since E/K is
algebraic, there is a polynomial f € K|z| that annihilates s, say f = apa™ + -+ + ag
with a; € K for ¢ =1,...,n. Hence:

0 = aps"+---+a1s+ag
0 = " Haps" + - +a1s+ag)
0 = an(rs)”_ls + o Fagrsr™ 2 4 agr™ !
0 = aps+---+ar" > +agr"
ans = —Qp_1— - —agr" !
s = —(an_14 - +agr" ) /a,

and since K is a field, we have that —1/a,, € K C R, and the right hand side is sum
and multiplication of elements in the ring R, so in fact s € R with rs = 1, as desired.



Exercise 2

Let L/K be an extension of fields, let o € L algebraic over K with [K(«a) : K] odd. We
prove that [K(a?) : K] is also odd and K(a) = K(a?).

Notice that by the field tower K C K(a?) C K(a) we have that [K(a) : K] =
[K(a) : K(a?)][K(a?) : K]. Since 22 — o? € K(a?)[r] annihilates «, we have that
[K(a) : K(a?)] < 2. Since multiplying by 2 would result in [K («) : K] even, we need to
have [K(a) : K(a?)] =1 and [K(a?) : K] = [K(«) : K] is odd.

Notice that for any field extension F'/E, we have [E : F] = 1 if and only if £ = F.
This follows because {1} is linearly independent in E over F' (because E is a field), so it
is a basis, hence F' = FE -1 = E. Notice how this proves both directions. Since we have
that [K (o) : K(a?)] = 1, we must have K(a) = K(a?), as desired.



Exercise 3

Let a = v/3 ++/5 € R. We determine [Q(c) : Q] and Irr(a, Q, z) € Q[x].
Notice how:

a?=8+2V15, o =18V3+14V5, o' =124+ 32V15

meaning that f = 2* — 1622 + 4 € Q[x] annihilates a. Since the solutions of f are
52 = 84+/5, that is, s = =1/8 + /5, we have that s, s> ¢ Q. Hence f cannot decompose
in polynomials of degree 1 or 2, meaning that in fact it cannot decompose in polynomials
of degree 3 (because the other factor would have degree 1), which implies that f is
irreducible. Since f is already monic, we have that Irr(a, Q, x) = 2* — 1622 + 4 and that

[Q(a) : Q] = deg(Irr(a, Q, 7)) = 4.



Exercise 4

Let K be a field of characteristic different from 2, L algebraically closed field containing
K. During this exercise we will use that for every u,v € L we have \/uy/v = y/uv, which
is due to both being choices of square roots of the element uv € K.

1. Let a,b € K with 22 — a and 22 — b both irreducible in K|[z]. Denote \/a, Vb
choices of square roots of a, b respectively. We will abuse that [K(v/a, Vb) : K] =
K (va, vb) : K(VB[K (VD) : K].

If ab is a square in K, that is, there is t € K with t2 = ab, otherwise said, t = vab
is a choice of a square root in K, we have that in K (v/b):

L\ _ab

o) b b ®
and thus t/vb € K(v/b) is a choice of square root of a, that is v/a = +t/vb €
K(v/b), and thus K(v/a,vb) = K(\/b). As noted in a section above, this means
[K(v/a,Vb) : K(vb)] =1 and [K(y/a,Vb) : K] = [K(v/b) : K] = 2 because z2 — b

is monic and irreducible in KJz].

If ab is not a square in K, we now prove that 22 —a is irreducible in K (\/I;) Suppose
not, that is, 22 — a has a solution in K (v/b), otherwise said, v/a € K (v/b). Since we
have K (vb) = {r+svb: 7,5 € K} in virtue of K(v/b) = K[z]/(2* —b), this means
that we can write v/a = r + sv/b for certain r,s € K. Taking the square on both
sides we obtain a = 2 + s2b+ 2rsy/b, meaning that we must have rs = 0. Since K
is a field, this means that either » = 0 or s = 0. Now s = 0 implies /a =1 € K,
contradicting that 22 — a is irreducible in K[z]. Now r = 0 implies that v/a = sv/b
and thus (sb)? = s?bb = ab, meaning that ab is a square in K, a contradiction.
Hence x2 — a is indeed irreducible and monic, so [K(y/a,vb) : K(v/b)] = 2 and
[K(va,Vb): K] =2-2=4.

2. Let ¢,d € K with d not a square in K. Fix v/b € L a square root of d in L. Let

a =V e+ Vd be a choice of square root of ¢ +v/d in L. We prove that there are
a,b € K with a = \/a + v/b if and only if ¢ — d is a square in K.

=) Using a@ = V ¢+ Vd we have that o = ¢ ++/d and o* = ¢ + d + 2¢Vd,
so f = a* —2ca® + (> — d) € K[z] annihilates a. Using a = v/a + Vb we
have that a? = a + b + 2vab and o* = 6ab + a? + b? + 4avab + 4bVab, so
f=2a2*—2(a+0b)x?+ (a — b)? € K|x] annihilates a. Now, we have that [K(a) :
K] = [K(a) : K(Vd)][K(Vd) : K] and we know that [K(v/d) : K] = 2 because
d is not a square in K. Moreover, h = 22 — ¢ — v/d € K(v/d) annihilates a, so
[K(c) : K(+/d)] must be 1 or 2.

If [K() : K(vV/d)] = 2 we have that [K(a) : K] = 2-2 = 4, meaning that f = g
by uniqueness of the monic polynomial of minimal degree annihilating . Hence
comparing coefficients we find that ¢> — d = (a — b)? is a square in K.



If [K () : K(v/d)] = 1 we have that K(a) = K(v/d) and thus a € K(v/d). By the
noted above, this means that we can find r, s € K with o = r+sv/d. Squaring both
sides we obtain that ¢+ v/d = r2 + s2d+ 2rsv/d, so comparing coefficients we must
have that 72+ s2d = c and 2rs = 1. Hence ¢? —d = s*d? + (rs — 1)d +r*, otherwise
said the polynomial h = s*z% + (rs — 1)z + r* € K|x] satisfies h(d) = ¢ — d. The
discriminant of A is:

(rs —1)% —4rtst = (2r%s% — 1)? — drts? = drts? 41 — dr?s® — 4rls? =0,

where we used multiple times that 2rs = 1. Thus the root of h is (1 —rs)/2s* and
we can write h = s*(z — (1 — rs)/2s)? = (s%(x — (1 — rs)/2s%))?, meaning that
2 —d=h(d) = (s*(d— (1 —rs)/2s*))? with s?(d — (1 —rs)/2s*) € K, thus ¢ —d
is again a square in K.

<) Suppose we can write ¢? —d = t2 for certain ¢t € K, in particular d = ¢® — t? =

(c+t)(c—t). We want a,b € K with /Ja+vVb=Vc+Vd= \/c+ (c+t)(c—1),
so squaring we must have a + b+ 2vab = ¢+ /(c + t)(c — t). For this, one would

expect to have a+b = c and 2v/ab = \/(c + t)(c — t), so it looks natural to propose
a=(c+t)/2and b= (¢ —1t)/2. They indeed satisfy:

c+

(Va+Vb)? = 2t+C;t+2\/C;t\/C;t=c+\/&.

Since we have a,b € K, we obtained the desired elements.

. Show that Q(v/3+ v/5)/Q is a biquadratic extension and find a,b € Q with
V3++V5=a+ Vb

We rename a = /3 + /5. In this particular case we have ¢ = 3 and d = 5, and
since ¢ —d =9 —5 = 4 = 22 is a square in K, by the above we are guaranteed
that a = 5/2,b = 1/2 € Q satisfy /3 +v5 = \/5/2+/1/2 = /a+ Vb.
Moreover f = z* — 2cz? + (¢ — d) = 2* — 622 + 4 € Q[z] annihilates a. Since the
solutions of f are s> = 3 /5, that is, s = +1/3 £ /5, we have that s, 5% ¢ Q.
Hence as reasoned above, f cannot decompose in polynomials of degree 1 or 2,
meaning that in fact it cannot decompose in polynomials of degree 3 (because
the other factor would have degree 1), which implies that f is irreducible in Q.
Since f is already monic, we have that f = Irr(a,Q,z) and that [Q(«) : Q] =
deg(Irr(a, Q,z)) = 4. Moreover, since (22 — 5/2)(z? — 1/2) € Q] is monic of
degree 4 and annihilates both 1/5/2, 1/1/2, we have that [Q(/5/2,/1/2) : Q] < 4.
Considering Q(a) C Q(v/a+vb) C Q(v/a, V), the first element having dimension
4 over Q and the last having at most dimension 4 over Q means that in fact
[Q(\/5/2,1/1/2) : Q] = 4, all the above inclusions are equalities and Q(a) =
Q(v/a, Vb). Hence the extension Q(1/5/2),/1/2)/Q is biquadratic, as desired.



