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Exercise 1

Unfortunately I could not learn in time how to use TikZ properly to type this exercise
properly. Because of this, here I present my results but not necessarily how to obtain

them.

1. Let £ = {0,1} with 1 = 1. Suppose that N;; is fully symmetric and Nj; = 1.
Compute the dimension of the Hilbert space obtained by setting N anyons labeled
1 in a disk with boundary labeled 0.

We will name H¥; , the Hilbert space formed by setting N —1 anyons labeled 1 and
one anyon labeled z € £ (for a total of N anyons) in a disk with boundary labeled
y (writing Hy o, = H%,x) Applying cuts and using the properties to manipulate
them, we obtain a recursion formula:

(i)

For N = 0 we have that Hy. is a surface of genus 0, so we will treat this in
the next part of the exercise.

For N =1 we have that H;; is an empty cylinder with one end labeled 1
and the other end labeled 0, thus has dimension 0 (this is one of the axioms).

For N = 2 we have that H5 ; is a pants figure with labels 1, 1 and 0 (the order
does not matter since Nikj is fully symmetric) so it has dimension N, = 1
(applying one of the axioms).

For N > 3, we have that H 11,1 can be separated into pants with bottom
labeled 0 and tops labeled 1. This can be cut along the last pants, so using
the axioms we obtain:

HN+11 = EBHN,x @H; 1 =HN1®COHNo®C=Hy1 @ Hnpo
zeLl

where in the second equality we used that Ni; = 1 and N} = 1, and in
the third the fact that we are taking tensor products over C. Since anything
labeled 0 may be removed (it is one of the axioms), the above is:

Hyi11 EHN1OHN-11
meaning that:
dim(?—[N+171) = dim('HNJ) + dim(HN_1,1)

the Fibonacci recursion. Since we saw that dim(#;,1) = 1 and dim(H2,1) = 1,
this completely determines the desired dimension.

2. Let £ = {0,1,2} with 1 = 1 and 2 = 2. Suppose that Nikj is fully symmetric,
N3, = 1, N} =0, N2, = 0, N{; = 0. Compute the dimension of a genus N
surface.



We now establish some notation (unfortunately, different from the section above):
name “H?%; the Hilbert space formed by a surface of genus N with an anyon on the
left labeled x and an anyon on the right labeled y. If z = 0 or y = 0, we may omit
the label and write H?]JV or "Hy or Hy.

We now write some of the dimensions of these spaces that can be computed directly
by the axioms (or that not more than a single cut is needed):

dim(#H;) =3, dim(*#;) =1, dim(*H) =1,
dim(H{) =1, dim(*H}) =3, dim(*H}) =1,
dim(H3) =0, dim(*#3) =0, dim(H3) =3

By the same procedure as above, separating the genus N surface into a surface of
genus N — 1 and another of genus 1 by cutting (and thus labeling the cut with
elements in £). This yields:

Hy =P Hi 1 " Hi=Hn1@H1 D Hy_ ® H1 & Hy_; @ Hi
x€L

and thus when we compute the dimensions:
dim(Hy) = 3dim(Hy_1) + dim(HN_;).
Similarly:

Hy = D5 0" Ml =Hva o H o Uy o H o My, @ H]
zcL

and thus when we compute the dimensions:
dim(HY) = dim(Hy_1) + 3dim(HL_;) + dim(HZ_,).
And finally:

Hy =P HE " HI =Hya @H] 0N @' Hi &MY, @° M}
el

and thus when we compute the dimensions:
dim(H3,) = 3dim(H3_ ;).

We now have three iterations and the respective initial values that enable us to
compute dim(#Hy) for every N, the desired result.



Exercise 2

1. Check that 010901 = 090109 using the “bowling alley” idea.

5

<

The braid 010901 can be drawn as:

and thus setting 1 — ¢t the probability of falling and ¢ the probability of continuing
straight, the matrix governing this bowling alley is:

1—-t) 1 —t)+t(1—t) 1-t)t ¢
ployo901) = 1—1t t 0
1 0 0

gl

and the matrix governing this bowling alley is:

The braid o90109 can be drawn as:

1—t t(1—t) t2
p(ogoio9) = [1—t t 0],
1 0 0

and since we indeed have (1 —#)(1 —#) +¢(1—t) =1+t —2t+t—t> =1 —t this
yields p(o10201) = p(o20102) which is what we wanted to prove.
2. Check that o103 = 0307 using the “bowling alley” idea.

I could not manage to draw the difference between o103 and o301. I now describe
them stating from the following diagram:

RN
<
to obtain oj03 we need to pull the second crossing up and extend the first pair of

strings accordingly, and to obtain o301 we need to pull the first crossing up and
extend the second pair of strings accordingly.

With these pictures in mind, the matrix governing the bowling alley of o103 is:

t 1=t 0 0

1 0 0 0
plowas)=1g o 4 14

0 0 1 0



and the matrix governing the bowling alley of o307 is:

1-t¢ 0
0
1-t¢

0

p(osor) =

O O M+
o O O |
—_ - O O

and we indeed have p(o103) = p(0o301) which is what we wanted to prove.



Exercise 3

We check that for t € C' (possibly treated as a variable) the vectors:

¢ 0
1

v = 0 y ey Un—1 = 0
: —t

span a space W that is p(B,,) invariant, that W N Cug = {0} and that W & Cyy = C”
(recall that vg is the sum of the elements of the canonical basis). First, notice that these
v; for i =1,...,n — 1 form a basis of W, since they are linearly independent (they have
zero and non zero entries in places where the others cannot reach them).

To prove the above, it is enough to do so for elements of the basis of B,,. Hence let
0, € By fori=1,...,n—1. Then:

Li—1)x(i-1)
~ 1—-t ¢
ploi) = 1 0
Lin—i—1)x(n—i-1)
and thus we have to divide the multiplication p(o;)v; into a few cases:

1. j <i—1orj>i+2 we have p(o;)v; = v; by multiplying using then bloc matrices.

2. j =1 —1 we have:

p(O‘i)Uj =|(1—-t| = Vg + V541

since the first non zero entry is in the position j.



3. j =1 we have:

0 0
0 0
_ —t(1—1)+t 12
ploi)v; = ( —t) = || = v
0 0
- () - - () -

since the first non zero entry is in the position j.

4. j =141 we have:

= tvj_l + v

S = O

0

since the first non zero entry is in the position j — 1.

Since ¢t € C, we can always rewrite this as an element in W and thus p(o;)(W) C W for
alli=1,...,n—1,s0 p(B,)(W) C W and hence W is invariant.
Suppose now that W N Cvy # {0}, that is, vg € W. This means that there exist

ai,...,op—1 € Csuch that vg = aqvr + -+ - + ap—1v,—1. Now, notice that since v; for
2 <j<n-—1has a0 in the first component, we need a; = —1/¢, and thus:
=
-1
1 T
| =v = 0| +agug+ -+ ap_1vp-1
1 :
- O -
As above, vj for 3 < j <n—1 has a 0 in the second component, we need —1/t —tas =1
so ag = —1/t — 1/t%. A straightforward induction yields that o; = —1/t —--- — 1/t for
t =1,...,n— 1. This means that the equality vo = a1v1 + -+ 4+ ap—1v,—1 in the last

component yields:

1
R i



We then need to distinguish our treatment of ¢ € C. If ¢ is simply a complex variable,
then the above polynomial has no solutions and we have a contradiction with W NCuvg #
{0}. If t is a complex number not satisfying the above polynomial, we also have a
contradiction with W N Cuvg # {0}. If ¢t is a complex number solution of the polynomial,
then W N Cvyy = Cuy.

Now in the cases where ¢ is not a solution of the polynomial t"~' + ... +¢t 41 =0,

we check that W & Cvg = C™. For this we check the linear independence of vy, ..., v,_1:
suppose that there are ag,...,a,—1 € C such that:

n—1

aq Qn—1

Z%’Ui =0= qyupg = —V] — -+ — Qp_1VUp_1] = Vg = ——V] — ++* — Un—1

A Qo Qo

=0
which would mean that vy € WNCuvg = {0}, a contradiction. Hence nosuch a1, ..., a1 €

C exist, so W 4+ Cvyg = C™. Since W N Cvg = {0} this yields W & Cvy = C"™.



Exercise 4

Let p be the Bureau representation and p the reduced Bureau representation. We prove
that for any 8 € B,, we have:

det(M(B)) .
et = det(M(8)(1, 1),

First notice that the matrix:

1 —t 0
1 1 0
PZ[UO"'UnA}: Do :
1 0 —t
1 0 1]
is the change of basis matrix from the canonical basis ey, . .., e, to the basis vg, ..., vp_1.

Notice that by induction det(P) = t"~! +¢"=2 + ... +¢+ 1. Since vy corresponds to the
trivial representation in the decomposition of  (because it is the vector with all ones),

this means that:
1 0

A =p~ [0 p(ﬁ)] P
and thus:

NE(B) =10 = (8) = 1o — P! [(1) o5 ; p(om]P

- (1" - B p(OmD p=r [8 o p(ﬂ)] p=r [8 M?ﬁﬂ i

and since P~ = adj(P)/ det(P), we now have a path towards computing this. Notice
that multiplying:

]P:Plp—Pl[

110 0 1
P [O M(ﬁ)] P=P (e, 1)M(B)P(1,0)
where the notation is analogous to the one used for minors, that is P~!(e,1) means
that we remove the first column and P(1,e) means that we remove the first row. This
equality holds because the column of 0 effectively deletes the first row of P, and the row
of 0 effectively deletes the first column of P~'. Moreover, when we compute M (3)(1,1)
we are removing the first row and columns:

M(B)(1,1) = (P~ (e, 1)M(B)P(1,9))(1,1) = P~ (1, 1)M () P(1,1)

since because of how matrix multiplication works, removing the first column after mul-
tiplying can be interpreted as removing the first column of P before multiplying, and
removing the first row can be interpreted as that we removed the first column of P~!
before multiplying (where here “can be interpreted” means that the result of both op-
erations are indeed the same). Remark that we have decreased the dimension of each



row and column by 1, since P started as an n X n matrix, we now have alln —1xn—1
matrices. Hence

det (VI(8)(1, 1)) = det(P~1(1, DM(8)P(1, 1)) = det(P(1,1)P~1(1, 1)M(8))
= det(P(1,1)P~1(1,1)) det(M(B))
so we just have to compute det(P(1,1)P~1(1,1)). Part of this is very easy since:

M —t - 07
0O 1 --- 0
P(lal): : : :
0 0 --- —t
_O o --- 1_

The other part of the computation is harder, using that P~! = adj(P)/det(P), we
compute by induction:

I 1 t t2 e tn—2 ]
—tn2 .t t+1 2+t 2 4 g3
adj(P)(1,1) = |—t" P = —t "R 2 Pt ] e R g
i —t —t2 —t3 R N SRR e
where the pattern is convoluted but clear; start with the row vector:
_ ) -
_tn—2_tn—3_“._t
=3 _ ... _¢
L 7t -

having 1 in the first component, t"~!41—det(P) in the second component, "1 4-"~2 +
1 — det(P) in the third component, and so on, in general t"~1 4 ¢"=2 4 ... 4 ¢n—hk+l 4
1 — det(P) in the k-th component for k£ > 1. Notice that this vector has the first entry
“positive” and the other entries “negative”. Setting this vector as the first column, we
obtain the next by first multiplying the positive entry (entries in the following cases)
by t, appending a positive entry right below the last one by adding 1 to this last entry,
and then multiplying the remaining negative entries by t. The process above removes
a negative entry and adds a positive one, so the j-th column should have j positive
entries and n — 1 — j negative entries. The reason why we have noted that there is a
way to express the entries in terms of det(P) is because this is useful when computing
the induction. If we multiply, again by induction we obtain:

L A SRR Y Ao NS —tn1
. 1 —t —n—1
—t R AN EERE S ey |

10



which can be better put as:

[det(P) —t --- —nl
. 1 —t _tnfl
|t <o det(P) — !
. —t . _tn—l
= det(P)1,_ :
der(p) | Bt -
—t ... g

where again this rewriting is useful to prove by induction that:

det(P) —t --- —nl
—t A —_¢n—1
= det(P)"2,
—t <o det(P) — !

so since we are working with n — 1 X n — 1 matrices we have:

Putting all the above together, we now have:

det(M(B)(1,1)) = det(P(1,1)P~1(1,1)) det(M(B))
_ det(M(B)) _ det(M(B))

det(P) — tn 14 4+t+41

the desired result.
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Exercise 5

We compute the Jones polynomial for the Hopf link, considering the mirror images and
all possible orientations. Notice that each Hopf link has two strands, each strand two
possible orientations, so a priori we have a total of eight oriented Hopf links. We name

this as follow: consider the Hopf link:

we have the possible orientations of the top pointing right, pointing outwards, pointing
inwards or pointing left, as expressed in that order in the following diagrams:

@ T T

and if we consider now the mirror image of the Hopf link above:

)

we again have the same possible orientations, expressed in that order in the following

@@ @

so we now have names for all the possibilities. Notice that by easy rotations we can
tell that a) =2 d), b) = ¢), e) = h, f) = g). Moreover, if we rotate e¢) by 7/2 so that
both crossings are at the same height, and then move the right crossing under the left
crossing, we obtain b). Similarly, if we rotate f) by 7/2 so that both crossings are at the
same height, and then move the right crossing under the left crossing, we obtain a). This
means that we only need to worry about the configurations of f) and b). The reason
why we choose these configurations is that they are already oriented in the same way
that we orient the braids: they flow from bottom to top, so we can apply our definition
of the Jones polynomial for links and it will work out.

First for L = f), notice how it is in fact the closure of o with e(0?) = 2, and thus:

diagrams:

Tr(o?) = Tr((A tuy + A1)?) = Tr(A7%u? + A%1 + 2uy)
= Tr(A 2duy + A*1 + 2uy) = A2d* + A%d* + 2d

since Tr(u1) = d and Tr(1) = d?. Hence:

—A3)2Tr(0? _A-3\2( 4-2 72 2 12
J(L,q):( A )dT(l):< A7) (A cil+Ad +2d)

AT g2 B2 2

12



where we have used that d = —(A42% + A~2) and that A% = q.
Second for L = b), notice how it is in fact the closure of o] ? with e(0?) = —2, and
thus:

Tr(o?) = Tr((Au + A711)?) = Tr(A%u? + A1 + 2uy)
= Tr(A%duy + A721 + 2uy) = A%d® + A™2d* + 2d

computing as before. Hence:

_—3—2r0_—2 A=3Y\—=2( 42,72 _9.9
J(Lq) = A )dT(1 ) _ (=477 (Add+A d? + 2d)

— A0 _ 42 — 7q5/2 _ q1/2

again computing as before. These are the desired results.
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Exercise 9

We check that the CNOT matrix is entangling. For this, we will use the equivalent
definition saying that a matrix is entangling if and only if it can send a pure state to an
entangled state.

We use the standard notation:

1 0 0 0
0 1 0 0
0 0 0 1
arising from tensoring the canonical basis e; = |0), eo = |1) with itself by appending.

Consider the pure state:
1 1
750 + 1) ®10) = —=(]00) +[10)

and notice that:

1 0 0 0f |1 1
1 1 |10 1 0 0] |0 1 {0 1
CNOT—=(|00) + |10)) = — = — = —(|00) + |11
0004100 = = |00 L] =75 (o] = g0+ )
0 0 1 0]]10 1

which is the Bell state, which we know is entangled. Hence CNOT is entangling.
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